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Abstract

This paper introduces a class of quantile-based, interpretable neural network (NN) mod-

els for mortality prediction: the Lee-Carter neural network (LCNN) model, the Renshaw-

Haberman neural network (RHNN) model, and the simple neural network (simpleNN)

model that balances simplicity with predictive performance. These models preserve the

linear interpretability of classic stochastic mortality models while harnessing the flexibility

of NNs to capture complex nonlinear patterns in mortality data, thereby achieving enhanced

predictive performance. Leveraging a composite loss function that integrates pinball, me-

dian anchoring, and quantile-crossing penalty terms, we estimate mortality quantiles and

develop an efficient simulation scheme based on interpolation. This framework provides

distributional insights essential for pricing, reserving and risk management. Extensive em-

pirical analyses across multiple populations demonstrate that the proposed models consis-

tently outperform traditional approaches in predictive accuracy. We further illustrate their

practical utility through an application to longevity swap pricing.

Key Words: Interpretable Neural Network, Mortality Prediction, Longevity Risk, Stochas-
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1 Introduction

Population aging and longevity risk have become critical global challenges, posing significant

societal and economic pressures on various stakeholders (Cairns et al., 2009; Blake et al., 2013).

Predictive models for mortality improvement are therefore indispensable for understanding and

managing longevity risk while addressing the broader implications of population aging. For

example, life insurers and annuity providers require future mortality projections to adjust pre-

miums and benefits; regulators mandate life insurers and pension funds to account for longevity

risk to ensure compliance and solvency; governments need reliable mortality forecasts for re-

forms to retirement ages, contribution rates, and benefit structures to maintain the sustainability

of social security systems (Zhou et al., 2014; Office of the Chief Actuary, 2024; Atance et al.,

2025). Such mortality models provide critical tools to support effective planning and decision

making by stakeholders such as governments, insurers, pension funds, and healthcare providers.

Since the early 1990s, stochastic mortality models have been popularly advocated and

adopted to extrapolate past mortality trends by fitting statistical models. These models explic-

itly account for uncertainties in mortality projections and scenario analysis, while maintaining

interpretable factors such as age, time, and cohort effects. This interpretability allows users to

adapt the models to specific contexts. The Lee-Carter (LC) model (Lee and Carter, 1992) char-

acterizes the logarithm of the central death rate as a linear function of age and a time trend for

mortality rates. The Renshaw-Haberman (RH) model (Renshaw and Haberman, 2006) extends

the LC model by incorporating a cohort effect. The Cairns-Blake-Dowd (CBD) model (Cairns

et al., 2006) advances the literature by employing simple parametric forms with logistic regres-

sion, effectively addressing identifiability issues and improving predictive accuracy for older

age groups. Cairns et al. (2009) conduct a comprehensive horserace analysis to evaluate the

performance of different mortality models. Further developments by Haberman and Renshaw

(2012, 2013) identify that increments in the logarithm of death rates follow a Gaussian distri-

bution. Based on this finding, Mitchell et al. (2013) modify this type of models by choosing the

increments of the logarithm of mortality rates as explanatory variables to address confounding

issues with the time trend during the estimation process.

Another key direction of research of mortality modeling is the investigation of co-movements

in mortality trends across different populations. Li and Lee (2005) identify a common factor in
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the mortality rates of different population groups, suggesting that leveraging information from

other populations enhances predictive accuracy. This approach has inspired subsequent stud-

ies on multi-population stochastic mortality models (Li and Hardy, 2011; Dowd et al., 2011;

Cairns et al., 2011b; Jarner and Kryger, 2011; Zhou et al., 2013, 2014; Li et al., 2017; Li and

Liu, 2020; Li et al., 2021). Additionally, dependency structures in mortality rates have been ex-

plored through methods such as copulas (Chen et al., 2015; Lin et al., 2015; Wang et al., 2015;

Zhu et al., 2017; Chen et al., 2017; Zhou, 2019; Zhou and Ji, 2021).

In recent years, the rapid advancements in neural networks (NNs) and machine learning

(ML) have been driven by both the breakthroughs in algorithms and the increasing computa-

tional power of modern hardware, enabling unprecedented performance across diverse areas

including actuarial science (e.g., Gabrielli and Wüthrich, 2018; Noll et al., 2018; Kuo, 2019;

Delong et al., 2022; Noll et al., 2018; Schelldorfer and Wuthrich, 2019; Gao and Wüthrich,

2018; Gao et al., 2019, 2022; Chen et al., 2024; Nigri et al., 2021; Levantesi et al., 2022;

Zhu, 2024). Specifically, there is growing interest in applying ML and NNs to mortality and

longevity forecasting, as these methods effectively handle high-dimensional inputs and intri-

cate non-linear relationships. Hainaut (2018) incorporate an autoencoder into the LC model

framework, demonstrating improved performance over the original LC model. Richman and

Wüthrich (2021) extend the multi-population LC model using NNs, and Miyata and Matsuyama

(2022) employ a variational autoencoder for Bayesian estimation.

Architectural innovations have expanded the scope of NN-based mortality models. Early re-

current approaches by Nigri et al. (2019) integrat LSTM networks within the Lee-Carter frame-

work, while Richman and Wuthrich (2019) demonstrate their predictive superiority through em-

pirical validation. Data-efficient adaptations by Lindholm and Palmborg (2022) enable LSTM

use in populations with limited data, and Nigri et al. (2021) extend beyond mortality rates

to forecast life expectancy and lifespan disparity. Comparative studies have further evaluated

architectures. Perla et al. (2021) use shallow CNNs to reveal geographic clustering patterns.

Chen and Khaliq (2022) identify GRUs as consistently strong performers across U.S. regions.

Zhang et al. (2022) propose hybrid LSTM-CNN architectures and Bravo (2021) investigate

RNN-LSTM applications for Portuguese mortality data.

Alternative data representations and novel spatial-structural approaches have further trans-
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formed mortality modeling. Wang et al. (2021) introduce 2D mortality neighborhood prediction

processed through CNNs, with Qiao et al. (2024) extending this framework through ensemble

long-term forecasts. Hsiao et al. (2024) develop mortality improvement NNs with cohort and

autoregressive effects, avoiding external time-series models. Multi-population methods have

also gained prominence, with Richman and Wüthrich (2021) using embedding layers to learn

optimal feature representations, Scognamiglio (2022) developing NN calibration for LC across

populations, and Dong et al. (2020) applying tensor decompositions for parsimonious repre-

sentations. Levantesi et al. (2022) combine clustering with multivariate LSTMs to strengthen

cross-population forecasts.

Finally, several studies focused on uncertainty quantification. Marino et al. (2023) inte-

grate bootstrap prediction intervals into LSTM frameworks. Schnürch and Korn (2022) develop

CNN-based model with interval forecasts through bootstrapping. Corsaro et al. (2024) propose

a quantile mortality framework using NNs to model multiple populations, offering distribu-

tional forecasts. Richman (2022) highlight the broader challenges of stability, uncertainty, and

explainability in actuarial deep learning.

Despite these advances, NN-based extensions to classic stochastic mortality models face

two major obstacles that remain inadequately addressed in the literature, limiting their practical

applications. First, NNs are often regarded as ”black-box” systems, making it challenging for

users to understand how predictions are generated, thereby undermining confidence and adop-

tion. Unlike classic models such as LC, CBD and RH, NN-based mortality models often lack

transparency in representing key effects, which is critical in actuarial contexts. Actuaries require

interpretable models to communicate results to various stakeholders effectively, and identify and

manage risks in a prudent and defensible manner. Balancing interpretability and predictive per-

formance is, therefore, essential (Vaughan et al., 2018; Agarwal et al., 2021; Richman, 2022;

Hsiao et al., 2024). Second, most of the existing literature on NN-based models focuses on

improving point predictions, while only a limited number of studies address distributional fore-

casting (with a few recent exceptions such as (Santolino, 2020; Corsaro et al., 2024)), which

strongly restricts their applicability in scenarios that demand a comprehensive understanding of

uncertainty for informed decision-making. Typical actuarial tasks, such as pricing and reserv-

ing, fundamentally require distributional information about the model outputs instead of merely
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point estimates (e.g., Cairns et al., 2011a). As highlighted by Richman (2022), understanding

and quantifying model uncertainties plays a vital role in actuaries’ decision making process.

This paper aims to address the aforementioned challenges by proposing quantile-based inter-

pretable NN-based models for mortality improvement and exploring their practical applications

in longevity-linked derivative pricing.

More specifically, we develop the Lee-Carter Neural Network (LCNN) and Renshaw-Haberman

Neural Network (RHNN) models by incorporating embedding and fully connected layers in ex-

tending the factor representations in the original LC and RH models. In addition, we introduce

a simple Neural Network (simpleNN) model with streamlined age and cohort effects compared

to LCNN and RHNN. These models maintain interpretable linear structures with transparent

parameters, and meanwhile, thanks to their NN components, achieve improved predictive ac-

curacy. They also simplify the modeling process by removing the need for complex underlying

models (e.g., time series or copula models), thereby reducing potential model risk.

To address the second challenge and provide distributional information of predictions, we

employ a multi-pinball loss function during NN training to estimate quantiles of predicted mor-

tality rates. This allows us to develop a simulation scheme that interpolates among these quan-

tiles to generate plausible mortality paths. The pinball loss function, originally introduced for

quantile regression (Koenker and Hallock, 2001; Koenker, 2005) and has received attention

among actuaries for handling the asymmetries in the distribution of residual and generating dis-

tributional insights for mortality simulations (Laporta et al., 2024; Fissler et al., 2023; Richman,

2022; Zhang, 2024). We illustrate its effectiveness through a derivative pricing example, where

simulated paths are used to perform the Wang transform to obtain risk-neutral probabilities.

It is important to highlight that our approach differs from recent neural network mortality

models in several key respects. Hsiao et al. (2024) extend Mitchell et al. (2013) by incorporating

cohort and autoregressive effects, thereby improving short-run dynamics through dependence

on lagged mortality rates. While this innovation enhances point forecast accuracy, it remains es-

sentially a time-series specification and does not address the need for distributional forecasting.

More importantly, whereas Hsiao et al. (2024) emphasize country-specific parameterizations to

provide detailed population-level insights, our models demonstrate that a common factor model

- where populations share bx and kt - achieves comparable accuracy with substantially greater
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parsimony. This design requires far fewer parameters while effectively capturing the universal

structure of mortality improvements across populations.

Corsaro et al. (2024) develop a quantile mortality framework based on neural networks,

estimating quantiles separately within a multi-population Lee-Carter setting. Although this de-

sign extends distributional modeling, it predicts each quantile independently, with the neural

network serving primarily as a fitting device to pool cross-country data. This structure may lead

to potential coherence issues such as quantile crossing, which limits its applicability for actu-

arial simulations. By contrast, our framework resolves this limitation through a joint quantile

prediction with a composite loss function, incorporating median anchoring and monotonicity

penalties. This approach ensures internal consistency across quantiles, and yields coherent dis-

tributional forecasts directly applicable to simulation-based actuarial tasks, including longevity

risk valuation and derivative pricing. Finally, neither Hsiao et al. (2024) nor Corsaro et al.

(2024) extend their methodologies to the actuarial practice in longevity risk management. Our

paper is the first to bridge this gap, demonstrating how neural network-based mortality models

can be harnessed for the pricing and risk management of longevity derivatives.

This paper justifies its value within the rapidly expanding literature on machine learning

in longevity analysis by addressing two persistent, unsolved barriers to actuarial adoption: the

black-box nature of neural networks and the absence of coherent, distribution-free stochastic

simulations. Specifically, our contribution is fourfold. First, we advance the literature on in-

terpretable neural networks by proposing a class of models (LCNN, RHNN, and SimpleNN)

that embed classical stochastic age–period–cohort structures within neural network architec-

tures. The use of embedding layers with explicit identifiability constraints preserves transparent

factor interpretations while enhancing predictive performance through representation learning.

In particular, the proposed RHNN architecture resolves the well-known convergence and nu-

merical instability issues of the RH model, while delivering consistently improved accuracy in

multi-population settings. This design moves beyond black-box mortality prediction and estab-

lishes a principled bridge between traditional actuarial factor models and modern representation

learning.

Second, we develop a distribution-coherent multi-quantile estimation framework tailored

for actuarial applications. Unlike existing neural quantile approaches that estimate quantiles
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independently, we introduce an enhanced estimation strategy based on a composite pinball loss

function with median anchoring and monotonicity penalties. This ensures internal distributional

coherence and directly addresses quantile crossing, a critical issue in quantile-based simulation

frameworks.

Third, leveraging the coherent multi-quantile design, we construct a flexible and distribution-

free stochastic simulation framework. Dynamic factor representations are learned directly

within the neural architecture, removing the need for separate ARIMA or copula layers and

thereby reducing model layering and projection risk. The resulting framework offers an in-

tegrated approach to multi-population mortality forecasting without restrictive parametric as-

sumptions.

Finally, to the best of our knowledge, this paper provides the first implementation of longevity-

linked security pricing based on NN-driven stochastic mortality models. This work extends

neural network methodologies beyond prediction to practical longevity risk management by

integrating data-driven mortality forecasting with market-consistent valuation. The approach

is readily adaptable to broader actuarial applications, including reserve planning and portfolio

hedging.

The remainder of the article is organized as follows. Section 2 outlines the specifications of

the proposed framework. Section 3 presents the empirical analysis including the dataset, evalu-

ation framework, and modeling results compared with traditional models. Section 4 investigates

an empirical case study on longevity-linked derivative pricing. Section 5 concludes.

2 Methodology

2.1 Stochastic mortality models

We begin with traditional stochastic mortality models and their notations. Let X = {x0, ..., xω}

be the set of ages considered by the mortality study, and T = {t0, ..., tn} be the set of calendar

years. As shown by Cairns et al. (2009), a large class of stochastic mortality models can be

represented by the following form:

φ
(
mr,g

x,t

)
=

∑
v

βr,g
x,v · κ

r,g
t,v · γ

r,g
t−x,v, v = 1, 2, ..., V, (1)
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where mr,g
x,t represents the mortality rate at age x ∈ X , time point t ∈ T , region (or group)

r ∈ R, and gender g ∈ G = {male, female}; βr,g
x,v represents the age effect parameter; κr,gt,v

represents the time effect parameter; γr,gt−x,v represents the cohort effect parameter; V is the

number of terms in the model; and φ(·) represents the transformation function.

In this paper we compress the notation of mr,g
x,t to mx,t (and similarly for other notations)

whenever it does not cause any ambiguity. Although group and gender are not explicitly men-

tioned, they are still included in the multi-population model setting.

A well-known special case of (1) is the Lee-Carter (LC) model (Lee and Carter, 1992).

When the transformation function φ(·) is chosen as then logarithm function, V = 2, and cohort-

related parameters are omitted, equation (1) simplifies to the LC model,

log(mLC
x,t ) = aLCx + bLCx kLCt . (2)

This model structure captures age and time effects, where coefficient aLCx contains the average

age effect parameter for a specific age x, bLCx is an age effect parameter, kLCt represents the

time effect parameter at time t. Similarly, when the transformation function φ(·) is a logarithm

function and V = 3, equation (1) becomes the Renshaw-Haberman (RH) model (Renshaw and

Haberman, 2006), expressed as:

log
(
mRH

x,t

)
= aRH

x + bRH
x kRH

t + ηRH
x γRH

t−x, (3)

where aRH
x , bRH

x and kRH
t retain the same interpretations as in the LC model; γRH

t−x represents

the cohort effect parameter; ηRH
x represents the sensitivity of a specific age x to γRH

t−x.

2.2 Mortality improvement model

One key issue of the model formulation (1), as elaborated by Mitchell et al. (2013), is that the

estimation process confounds with the time trend and thus the correlation of mortality rates

among ages, genders and populations is likely to be overestimated. To overcome this problem,

we follow Mitchell et al. (2013) and consider the mortality improvement version of model (1) .

Specifically, the LC model (2) is modified to,

log
(
mLCNN

x,t+1

)
− log

(
mLCNN,AV G

x,t,n

)
= aLCNN

x + bLCNN
x kLCNN

t , (4)
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where

log
(
mLCNN,AV G

x,t,n

)
:=

1

n
×

n∑
i=1

log
(
mLCNN

x,t−i+1

)
, (5)

representing the moving average of log mortality across the preceding n years. The left-hand

side of (4) represents the difference form of mortality rates over time, which effectively makes

the time series stationary and removes the confounding issue among different variables. The

log
(
mLCNN,AV G

x,t,n

)
represents the moving average over a period of n up to time t and miti-

gates the impact of temporary mortality shocks. When n = 1, it simplifies to log
(
mLCNN

x,t

)
,

the original mortality improvement model proposed by Mitchell et al. (2013). Similarly, the

improvement version of the RH Model (3) is given by,

log
(
mRHNN

x,t+1

)
− log

(
mRHNN,AV G

x,t,n

)
= aRHNN

x + bRHNN
x kRHNN

t + ηRHNN
x γRHNN

t−x , (6)

where

log
(
mRHNN,AV G

x,t,n

)
=

1

n
×

n∑
i=1

log
(
mRHNN

x,t−i+1

)
, (7)

which is defined in the same way as Equation (5). Note that the moving averages in Equations

(5) and (7) are estimated from historical data during training, but are computed recursively in

the prediction phase, progressively incorporating forecasted values.

To incorporate a stochastic component into the model, the time effect kLCNN
t in (4) and

kRHNN
t in (6), and the cohort effect γRHNN

t−x in (6), are typically further modeled by time series

models such as ARIMA processes. For future mortality projection, one will extrapolate the

time series models for the time and cohort dimensions while holding the age effect parame-

ters unchanged. While the Model (1) provides interpretability through its factor structure, the

time and cohort parameters (kt and γt−x) must be estimated and subsequently modeled with

time-series techniques for projection. This introduces substantial model risk, especially in a

multi-population setting where the dependence can be complex across populations. In this pa-

per, we incorporate embedding layers and fully connected layers of neural networks to extract

factor representations. The resulting models preserve the interpretable linear structure of clas-

sical formulations while delivering improved predictive accuracy. Moreover, they streamline

the modeling process by eliminating the need for separate time-series specifications, thereby

mitigating potential model risk.
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2.3 Neural networks and embedding layers

NNs are inspired by biological neural systems and use interconnected neurons in a layered struc-

ture. Each layer applies a linear transformation followed by a (possibly) non-linear activation

function, forming a composite function. This structure allows NNs to approximate arbitrarily

complex relationships, making them fundamental to deep learning and artificial intelligence.

The most common architecture is the fully connected feed-forward neural network, where in-

formation flows in one direction and each neuron connects to all neurons in the subsequent

layer. This network consists of three components: an input layer, a number of hidden layers,

and an output layer. Let x = (x1, x2, ..., xN)
′ denote the N -dimensional input features, and h(l)

=
(
h
(l)
1 , h

(l)
2 , ..., h

(l)
nl

)′
represent the l-th layer with nl neurons for l = 1, 2, ..., L. Also denote y

as the output features, and then a fully connected neural network with L intermediate layers can

be represented as follows,

h(1) := F (0)(x) = σ(0)
(
b(0) +W(0)x

)
,

h(l) := F (l−1)
(
h(l−1)

)
= σ(l−1)

(
b(l−1) +W(l−1)h(l−1)

)
, l = 2, ..., L,

ŷ := F (L)
(
h(L)

)
= σ(L)

(
b(L) +W(L)h(L)

)
,

where F (·)(·) represents a composite transform from the previous layer to the next; b(j) is a nj-

by-1 bias vector, and W(j) is a nj-by-nj−1 dimensional weight matrix for the linear transform;

σ(j)(·) is known as the activation function to perform the (possibly) non-linear transform; ŷ is

the final output of the model, that is, the predicted value of y. As shown by Richman (2022),

neural networks can also be viewed as a more generalized form of Generalized Linear Models

(GLMs), providing a familiar theoretical framework for actuarial applications.

Embedding layers are a type of representation learning method used in NNs to handle cate-

gorical data such as words, phrases, or unique identifiers. In mortality modeling, as introduced

by Richman (2022), categorical features can also be processed with embedding layers. These

layers take integer inputs representing categorical indices and map them to dense, information-

rich vectors in a continuous space. In other words, the function of an embedding layer is to

map from a discrete space to an encoded vector, performing feature abstraction and encoding

while preserving the inherent similarities among the inputs. For example, in natural language
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processing, each word is assigned an encoded vector, expecting that the smaller the distance

between these vectors, the closer their meanings are.

As part of an NN model, embedding layers can learn and adjust through input data, and

thus more accurately reflect the relationships of categorical data for classification, regression,

and prediction operations. Specifically, let Ψ = {ψ1, ..., ψl} be the possible integer indices of

categories, with l being the number of different elements in the set. An embedding layer EΨ

maps ψj ∈ Ψ to a real-valued vector as shown below:

EΨ(ψj) = (EΨ,1(ψj), ..., EΨ,d(ψj))
′ ,

where d < l is the dimension of vector after embedding.

Formally, an embedding layer is represented by a weight matrix WE ∈ Rl×d. For a categor-

ical variable with index j, the embedding operation selects the j-th row of WE . These weights

are optimized through backpropagation together with the other parameters of the network. In

our mortality modeling framework, we set d = 1 for all categorical variables, including coun-

try, gender, age, year, and cohort. This choice facilitates direct interpretability: each weight

corresponds to the effect of a specific category, preserving the interpretive structure of classical

Lee-Carter parameters while minimizing the number of parameters to be estimated.

2.4 LCNN Model and RHNN model

In this section we propose the Lee-Carter Neural Network (LCNN) model and the Renshaw-

Haberman Neural Network (RHNN) model by applying the modeling techniques in Section 2.3

to mortality improvement models (4) and (6), respectively. The model architectures of these

two NN-based models are illustrated by schematic diagrams in Figures 1 and 2.

In the LCNN model, the first sub-network primarily handles the computation of aLCNN
x in

equation (4), which involves an embedding layer, a concatenating layer and a fully connected

layer. Since aLCNN
x is related to the group r, gender g, and age x, as in the approach of Richman

(2022) and Hsiao et al. (2024), they are treated as categorical input features in this model. Let

ϱR, ϱG, and ϱX denote the vector dimensions of embedding layers for group r, gender g, and

age x, respectively. Therefore, the embedding layers Ea
R(r), E

a
G(g) and Ea

X(x) are defined by:

Ea
R := Ea

R(r) = (ER,1(r), ..., ER,ϱR(r))
′ ,
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Ea
G := Ea

G(g) = (EG,1(g), ..., EG,ϱG(g))
′ ,

and

Ea
X := Ea

X(x) = (ER,1(x), ..., ER,ϱX (x))
′ ,

where embedding layers Ea
R, Ea

G, and Ea
X represent the feature vectors for group r, gender g,

and age x, respectively. Next, Ea
I := Ea

I (r, g, x) = (Ea
R, E

a
G, E

a
X) is obtained by concatenating

the outputs of these three embedding layers. Finally, through the fully connected layer F a with

input feature Ea
I , we obtain

âLCNN
x := F a(Ea

I ) = σa (ωa
0 + ωa

RE
a
R + ωa

GE
a
G + ωa

XE
a
X) ,

In this formulation, the age embedding for bLCNN
x and the time embedding for kLCNN

t are

given by

b̂LCNN
x ∝ Eb

X , k̂LCNN
t ∝ Ek

T .

The RHNN model given by Equation (6) can be structured and estimated in a similar man-

ner, using the architecture illustrated in Figure 2. Compared to LCNN, RHNN has two addi-

tional terms, where ηRHNN
x represents age embedding and γRHNN

t−x represents cohort embed-

ding, given by

η̂RHNN
x ∝ Eη

X , γ̂RHNN
t−x ∝ Eγ

C .

The factors introduced in the LCNN and RHNN models are set proportional to the embedding

outputs, which undergo linear transformations within the neural networks.

Identifiability constraint To model ensure identifiability, we use the same constraint as in

traditional LC and RH models. Specifically, in the LCNN, we apply two constraints:
∑

x bx = 1

and
∑

t kt = 0; while in the RHNN, we extend these requirements by adding two more, so that

all four constraints are enforced:
∑

x bx = 1,
∑

t kt = 0,
∑

x ηx = 1, and
∑

t−x γt−x = 0.

At each training step, these constraints are maintained through weight normalization, which

uniformly redistributes adjustments across the relevant parameters after every gradient update.

Similar to the traditional LC and RH models, once the model parameters are estimated, pa-

rameter values representing time, age and cohort effects are directly observable, enabling users

13



to understand the rationale behind the model’s predictions. Our choice of embedding layers

with shallow feedforward structures naturally handles categorical variables while maintaining

direct correspondence to classical model parameters. This architecture automatically learns

factor interactions that traditional models cannot capture without manual specification, yield-

ing improved predictive performance while preserving interpretability, as demonstrated in the

empirical analysis.

2.5 SimpleNN model

To further explore the balance between model parsimony and predictive sophistication, we in-

troduce a simpleNN model alongside the LCNN and RHNN frameworks. The simpleNN model

is defined by,

log
(
m̂simple

x,t+1

)
− log

(
msimple,AVG

x,t,n

)
= asimple

x + w1 · t+ w2 · (t− x), (8)

where

log
(
msimple,AV G

x,t,n

)
=

1

n
×

n∑
i=1

log
(
msimple

x,t−i+1

)
, (9)

where w1 and w2 are the learned weights in the neural network, with asimple
x , time t, and cohort

t− x, as input features. The model architecture is graphically illustrated by Figure 3. The sim-

pleNN model maintains the general linear form, providing strong generalizability and offering

even greater interpretability compared to the LCNN and RHNN models by directly inputting

both time and cohort effects into the output layer without embedding. Additionally, it generally

reduces the overall computational cost and the risk of over-fitting while retaining the flexibility

to capture non-linear relationships through the first term F a(·) in the model.

2.6 The loss function

The training process of NNs fits the model by iteratively updating weights through the back-

propagation algorithm, i.e., calculating the gradient of the loss function and adjusting parame-

ters to fit that gradient direction. The loss function, which quantifies the distance between the

model predictions ŷ and the true target values y during the training process, thus plays a pivotal
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Figure 3: Schematic diagram of the architecture for the simpleNN model

role in guiding the optimization process and determining the final estimated parameter values.

In many applications, predictions for the mean of y are typically the primary focus and

therefore the mean squared error (MSE) is typically adopted (e.g., Richman and Wüthrich,

2021). However, information about the entire distribution of y is often of high importance to

actuaries to, for instance, price insurance products, calculate risk measures and capital reserves,

construct hedging strategies, and perform scenario analysis and stress testing. In the traditional

framework of stochastic mortality models, the theory of error analysis and simulation is well-

established, allowing model uncertainties to be explicitly captured through methods such as

time series models. In contrast, discussions on translating NN-based mortality predictions into

actuarial decision-making processes remain limited.

To estimate the entire distribution of the true target values y, we borrow the idea from

quantile regression and apply the pinball loss functions (Koenker and Hallock, 2001; Koenker

and Bassett Jr, 1978) to the model fitting process. The pinball loss, also known as the quantile

loss, can predict a specific quantile, by adjusting the loss calculation based on whether the
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prediction underestimates or overestimates the actual value and penalizing underestimations

and overestimations asymmetrically based on the target quantile. Therefore it is particularly

useful to perform risk-sensitive tasks such as insurance rate making and regulatory reserve

planning.

Mathematically, the pinball loss is defined as,

L(q, ei) =


q · |ei| if ei ≥ 0

(1− q) · |ei| if ei < 0

(10)

where q is the target quantile and ei = yi− ŷi is the error for the i-th observation. With different

specified values of q, we can obtain the estimate of each quantile of y.

Following the composite quantile regression framework (Zou and Yuan, 2008), we simul-

taneously estimate multiple quantiles using the sum of pinball losses across all K quantiles.

However, in our experiments, we observed that: (1) median predictions can drift from the cen-

tral tendency during joint optimization, and (2) quantile crossing frequently occurs, especially

with a large number of quantiles (i.e., K is large), as neural networks have no built-in mecha-

nism to preserve the natural ordering of quantiles. To address these challenges, we enhance the

standard multi-quantile loss with two additional regularization terms:

Ltotal = Lpinball + Lanchor + Lmonotone, (11)

where

Lpinball =
1

N

N∑
i=1

K∑
k=1

L(qk, ei,k)

computes the average pinball loss across allK quantiles andN observations. Here qk is the k-th

quantile level, and ei,k = yi − ŷi(qk) is the error for the i-th observation yi and the qk-quantile

predicted value.

The Lanchor term adds an L1 penalty specifically on the median prediction, providing ad-

ditional stability to the central tendency estimation by leveraging the robustness properties of

median regression (Koenker, 2005). The Lmonotone term prevents quantile crossing by penaliz-

ing violations of the natural ordering, inspired by the gradient penalty approach of Gupta et al.
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(2019) but adapted for quantile monotonicity. Formally, these terms are defined as

Lanchor =
1

N

N∑
i=1

|yi − ŷi,0.5| (12)

Lmonotone =
1

N

N∑
i=1

K−1∑
k=1

max(0, ŷi,qk − ŷi,qk+1
) (13)

where ŷi,qk denotes the predicted value for sample i at quantile qk.

Additionally, following Chernozhukov et al. (2010), we apply a post-prediction rearrange-

ment step. Because our models generate all quantiles simultaneously, we enforce monotonicity

by sorting the predicted values across quantiles for each age-time pair. This guarantees proper

quantile ordering while preserving both computational efficiency and predictive performance.

To the best of our knowledge, this work is among the first to introduce a composite loss frame-

work that combines multi-quantile estimation with median anchoring and explicit monotonic-

ity constraints in the context of neural network–based mortality forecasting. We believe this

integrated approach highlights a novel direction for improving both the robustness and inter-

pretability of mortality prediction models.

3 Empirical Analysis

3.1 Data and Evaluation Framework

Our study utilized mortality data of 24 countries/regions with complete records starting from

1950, obtained from the Human Mortality Database (HMD)1. This comprehensive dataset in-

cludes mortality rates for both male and female populations aged 55 to 90. Detailed data spec-

ifications for all populations are provided in Table 5 in Appendix A. Figure 4 illustrates the

time trends of both raw mortality rates and their first order differences, which motivates us to

consider the mortality improvement models introduced in Section 2.2.

In the model training process, temporal and demographic variables are normalized to fa-

cilitate efficient neural network optimization. The period 1950–1952 is employed to compute

initial averages, with the year 1952 designated as the reference point (t = 0). Ages 55–90

are re-indexed on a scale from 0 to 35, and cohort values are standardized with respect to both

1Data source: www.mortality.org/. The data accessed were updated to April 2024.
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(a) Mortality rates (b) Mortality improvements

Figure 4: Time trend of mortality rates (left panel) and improvements (right panel) for the USA
male population aged 65

the reference year and the reference age. This normalization procedure enhances numerical

stability during training while maintaining the relative structure across variables. To ensure a

rigorous evaluation, we adopt a temporal data-splitting strategy:

• Training Period (1950–1999): Models are estimated using data from all included coun-

tries. Within this period, an 80–20 random split is applied to separate training and valida-

tion sets, facilitating hyperparameter optimization and reducing the risk of overfitting.

• Test Period (2000 onward): Out-of-sample performance is assessed on data from 2000

to the most recent available year for each country. This fully held-out test set provides an

unbiased measure of predictive accuracy.

We evaluate the accuracy of mean predictions using the mean absolute percentage error

(MAPE) as the metric, defined as:

MAPEj =
1

Nj

Nj∑
i=1

∣∣∣∣yj,i − ŷj,i
yj,i

∣∣∣∣ ,
where yj,i is the observed mortality and ŷj,i is the predicted value, with j being the population

index, and Nj is the total number of predictions for that population.
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3.2 Model implementation

Our neural network models are implemented using TensorFlow 2.10. The optimization follows

standard deep learning practices with specific adaptations for multi-quantile mortality forecast-

ing. Specifically,

Quantile specification We choose five representative quantiles (2.5%, 25%, 50%, 75%, 97.5%),

to capture the extreme tails, quartiles, and median of the mortality distribution. This specifi-

cation balances computational efficiency with comprehensive coverage of mortality scenarios

relevant for actuarial applications. Robustness of this choice is examined in Section 3.5, where

we test alternative quantile granularities.

Optimization and Training We optimize the networks using backpropagation (Goodfellow

et al., 2016) with Adam optimizer (Kingma and Ba, 2015) and standard hyperparameters: a

learning rate of 0.001, a batch size of 32, and ReduceLROnPlateau scheduling. Training is

conducted for up to 500 epochs with early stopping applied to prevent overfitting.

Hyperparameter Selection We conduct systematic grid search over dropout rates (0.4, 0.5,

0.6) and early stopping patience values (20, 35, 50 epochs). These relatively high dropout

rates address the overfitting risks inherent in multi-quantile regression. In particular, when the

number of quantilesK is very large (e.g., 51 or 101), the model must simultaneously learn com-

plex distributional mappings while maintaining monotonicity. To ensure a robust performance

evaluation, we employ an ensemble approach: each model configuration is trained 10 times to

account for variability from random initialization and stochastic dropout, and all reported results

are averaged across these 10 runs. Model selection for each architecture (SimpleNN, LCNN,

RHNN) is based on validation loss, while the reported test MAPEs reflect out-of-sample per-

formance on 2000–2023 data.

3.3 Performance Comparison

We compare the empirical performance of seven models including Lee-Carter (LC), Cairns-

Blake-Dowd (CBD), Renshaw-Haberman (RH), Age-Period-Cohort (APC), Lee-Carter Neural

Network (LCNN), Renshaw-Haberman Neural Network (RHNN), and simple Neural Network
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(simpleNN). For each model, we compute the mean and standard deviation of MAPE in the test

samples across all populations, and Table 1 presents a summary of the performance comparison

among these prediction models. For all neural network models, we select the hyperparameter

configurations that achieve the lowest validation loss through grid search: dropout = 0.4 with

patience = 35 for LCNN and RHNN, and dropout = 0.4 with patience = 20 for SimpleNN.

These configurations are identified from a grid search over dropout rates (0.4, 0.5, 0.6) and

patience values (20, 35, 50), with the detailed validation results provided in Appendix B.

Table 1: Performance summary of different prediction models.
LCNN RHNN SimpleNN CBD LC RH APC

Average MAPE 14.46% 12.54% 10.04% 18.81% 20.04% 34.30% 17.61%
Std.Dev MAPE 8.20% 7.64% 5.52% 6.96% 10.68% 43.13% 10.55%

Note: This table summarizes the average and standard deviation (Std. Dev) of MAPE across different populations.

Table 1 presents the performance summary of different prediction models. We observe that

traditional stochastic models like LC and RH exhibit significantly higher average MAPEs of

20.04% and 34.30%, respectively, compared to their NN-based counterparts. Notably, the RH

model demonstrates the highest variability in predictions, with a standard deviation of 43.13%.

This extreme variability likely stems from non-convergence issues, highlighting the inherent

instability of the traditional RH model under varying conditions. While the CBD and APC

models outperform both the LC and RH models with average MAPEs of 18.81% and 17.61%

respectively, they still underperform all three NN-based models in terms of prediction accuracy.

SimpleNN achieves the best overall performance with both the lowest average MAPE (10.04%)

and the smallest standard deviation (5.52%) among all models.

The neural network adaptations, LCNN and RHNN, achieve average MAPEs of 14.46%

and 12.54% respectively, with standard deviations of 8.20% and 7.64%. These improvements

over their traditional counterparts are substantial. Both LCNN and RHNN retain the linear

representation (1), preserving the interpretability that facilitates better understanding and trust

in promoting these more advanced models. The RHNN particularly benefits from neural net-

work implementation, which eliminates the convergence problems while maintaining model

interpretability.
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A more detailed breakdown of model performance across 48 populations is provided in

Table 2, and the results are consistent with our earlier observations. Overall, the proposed neu-

ral network frameworks (LCNN, RHNN, and SimpleNN) consistently outperform traditional

stochastic mortality models (CBD, LC, RH, APC). Among them, SimpleNN achieves the best

performance in 25 populations, followed by RHNN, which leads in 11 populations. It is worth

noting that the traditional RH model produces extreme MAPE values exceeding 100% in sev-

eral populations, thereby reinforcing the convergence issues discussed earlier and underscoring

its limitations for practical implementation. In contrast, the enhanced RHNN framework yields

markedly improved performance—substantially more stable, less variable across populations,

and achieving the best results in multiple cases. Importantly, SimpleNN, despite its deliberately

streamlined structure, remains highly competitive and frequently surpasses classical models,

highlighting the strength of our proposed architectures even in their most parsimonious forms.

3.4 Model Interpretability

Developed within the same framework (1), all three NN-based models share the same basic

architecture for age-specific mortality change patterns ax, resulting in consistently similar neg-

ative values across countries. Recall that all three models model mortality changes rather than

their levels, explaining the prevalence of negative values that represent mortality improvements.

The models, as shown in Figure 5, unanimously identify Japan as experiencing the largest mor-

tality improvements (the most negative ax values), followed by other developed countries like

Australia, France, and Switzerland, while a few Eastern European countries (e.g., Bulgaria,

Hungary and Slovakia) show the slowest improvement rates.2 This remarkable consistency

across different neural network architectures validates the robustness of the approach.

Figure 6 shows that LCNN incorporates temporal variations through the period effect kLCNN
t ,

with oscillating patterns capturing the non-uniform pace of mortality improvements over 1952-

1999. These temporal dynamics represent baseline improvement rates, highlighting phases of

accelerated progress (e.g., the 1960s) as well as temporary slowdowns (e.g., the 1990s). RHNN

extends the framework by decomposing temporal variation into period effects kRHNN
t and co-

hort effects γRHNN
t−x . The cohort parameters capture persistent impacts of early-life conditions,

2The estimated ax values for LCNN and RHNN models show very similar patterns, and thus are provided in
Appendix C.
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Table 2: Performance comparison across different mortality models
Abbr. Gender LCNN RHNN SimpleNN CBD LC RH APC
AUS Female 6.76% 5.22% 6.33% 12.17% 7.74% 8.94% 7.13%
AUS Male 15.88% 13.02% 8.58% 14.71% 17.58% 17.11% 7.93%
AUT Female 9.60% 8.33% 8.74% 18.94% 11.72% 12.65% 11.35%
AUT Male 14.23% 11.29% 7.78% 14.78% 18.66% 12.83% 14.98%
BEL Female 8.24% 8.06% 11.01% 18.03% 9.87% 72.46% 9.88%
BEL Male 13.86% 10.95% 7.01% 16.21% 19.31% 11.24% 11.88%
BGR Female 13.44% 11.45% 9.45% 20.02% 21.26% 32.41% 18.29%
BGR Male 9.24% 8.64% 8.15% 13.71% 18.15% 83.43% 22.58%
CAN Female 4.76% 4.29% 6.36% 10.79% 5.93% 91.29% 6.63%
CAN Male 17.33% 14.57% 8.67% 18.51% 21.13% 7.95% 7.45%
CHE Female 6.08% 6.49% 10.20% 17.82% 7.27% 83.91% 9.45%
CHE Male 16.36% 13.57% 7.23% 15.07% 18.16% 6.64% 10.07%
CZE Female 12.83% 10.55% 6.97% 14.95% 16.17% 17.25% 16.64%
CZE Male 14.89% 12.84% 7.45% 17.78% 23.39% 25.47% 23.97%
DNK Female 18.08% 15.66% 9.69% 18.78% 24.76% 9.51% 28.12%
DNK Male 23.30% 20.23% 11.58% 26.62% 32.07% 12.20% 26.47%
ESP Female 10.15% 8.10% 8.79% 19.63% 12.74% 26.26% 11.18%
ESP Male 9.27% 7.14% 5.66% 13.89% 15.53% 86.60% 13.84%
FIN Female 11.75% 10.41% 11.43% 20.04% 12.96% 17.11% 11.35%
FIN Male 15.63% 12.82% 8.19% 16.17% 17.73% 9.15% 7.87%
FRA Female 8.40% 7.77% 9.86% 20.43% 11.18% 21.28% 11.66%
FRA Male 10.36% 7.61% 6.93% 15.76% 14.74% 11.67% 12.75%
GBR Female 9.78% 7.49% 6.54% 12.13% 19.67% 7.23% 13.41%
GBR Male 21.10% 17.97% 11.40% 20.66% 23.98% 261.44% 13.72%
HUN Female 9.21% 7.26% 6.86% 17.05% 17.63% 35.13% 26.45%
HUN Male 11.13% 9.02% 4.90% 20.55% 35.66% 54.21% 55.78%
IRL Female 24.97% 22.28% 15.03% 26.52% 33.69% 58.07% 18.49%
IRL Male 38.90% 35.67% 26.67% 47.37% 51.41% 20.31% 38.81%
ISL Female 34.33% 33.68% 30.80% 31.69% 44.72% 43.36% 41.51%
ISL Male 38.58% 36.21% 30.58% 32.05% 40.82% 32.30% 39.35%
ITA Female 7.19% 5.60% 7.42% 13.62% 6.27% 12.56% 9.12%
ITA Male 15.84% 13.48% 8.73% 18.69% 23.34% 7.22% 16.41%
JPN Female 6.08% 5.37% 8.89% 16.71% 16.16% 10.10% 6.70%
JPN Male 4.12% 3.93% 8.28% 8.25% 6.97% 15.38% 11.87%
NLD Female 6.98% 5.42% 7.18% 14.19% 7.37% 17.04% 11.87%
NLD Male 24.49% 21.19% 13.43% 31.10% 35.85% 10.23% 21.76%
NOR Female 10.49% 8.95% 6.39% 14.38% 13.03% 14.47% 20.23%
NOR Male 27.42% 23.97% 15.22% 31.97% 38.27% 19.51% 29.01%
NZL Female 12.51% 11.07% 8.67% 14.53% 18.38% 13.54% 19.58%
NZL Male 24.53% 21.71% 14.19% 24.01% 27.90% 12.14% 16.43%
PRT Female 17.96% 14.83% 9.42% 22.32% 20.46% 105.19% 19.76%
PRT Male 16.10% 12.76% 9.21% 19.93% 22.38% 104.53% 21.11%
SVK Female 12.75% 10.78% 6.81% 14.42% 16.15% 29.24% 16.59%
SVK Male 14.24% 12.27% 6.63% 23.14% 34.91% 29.61% 36.36%
SWE Female 4.82% 6.04% 9.67% 13.44% 5.69% 6.00% 7.95%
SWE Male 15.32% 12.49% 5.96% 15.28% 21.05% 15.96% 16.27%
USA Female 4.85% 5.24% 9.74% 10.17% 8.40% 24.74% 6.70%
USA Male 10.09% 7.98% 7.42% 14.02% 13.58% 9.49% 8.48%
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Figure 5: Heatmap of age-specific effects ax by country with SimpleNN Model: Female (panel
(a)) and Male (panel (b))

with birth cohorts exposed to major historical disruptions, such as the 1918-1920 pandemic or

World Wars, exhibiting distinct mortality trajectories. Once cohort effects are incorporated, we

observe in Figure 7 that the period effects kRHNN
t in RHNN appear more stationary than in

LCNN, indicating that much of the temporal trend in simpler models in fact reflects underlying

cohort heterogeneity. Finally, the age-specific sensitivity coefficients, bLCNN
x and bRHNN

x , and

ηx in RHNN, exhibit reasonable patterns across ages, consistent with demographic expectations.

3.5 Robustness Analysis

In the experiments in Section 3.3, we employ five quantiles (2.5%, 25%, 50%, 75%, 97.5%)

in all NN-based models, representing the extreme tails, quartiles, and median of the mortality

distribution. This specification balances computational efficiency with comprehensive coverage

of mortality scenarios relevant for actuarial applications.

Because our simulation approach relies on interpolation between predicted quantiles (see

Section 4), increasing the number of quantiles naturally yields a more accurate approximation

of the full distribution. To establish a performance benchmark, we evaluate three levels of

quantile granularity under the same training setup (dropout = 0.4, patience = 20): (1) 21 quan-

tiles including 2.5%, 97.5%, and 19 evenly spaced quantiles from 5% to 95% in increments

of 5%; (2) 51 quantiles consisting all odd percentiles from 1% to 99% in increments of 2%
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Figure 6: Estimated parameters of LCNN model: age modulation of time trend bLCNN
x (panel

(a)), and time-varying mortality index kLCNN
t (panel (b)).

together with the median at 50%; and (3) 101 quantiles including 0.5%, 99.5%, and all integer

percentiles from 1% to 99%.

Table 3 summarizes the results. We can see that different quantile configurations yield

similar MAPE values of 9.74%, 9.82%, and 9.85%, demonstrating robust performance of our

models. The population-level standard deviations also remain consistent, ranging from 5.2% to

5.8%. Since finer granularities yield only marginal gains, we adopt the 5-quantile specification

in our main analysis to balance computational efficiency with accuracy.

Table 3: Performance across different quantile granularities
Quantile Specifications Average MAPE Std.Dev MAPE
(2.5%, 5%, 10%, . . . , 90%, 95%, 97.5%) 9.74% 5.20%
(1%, 3%, . . . , 49%, 50%, 51%, . . . 97%, 99%) 9.82% 5.76%
(0.5%, 1%, 2%, . . ., 98%, 99%, 99.5%) 9.85% 5.79%

To further validate the design of our composite loss function, we conduct an ablation study

to examine the contribution of each loss component. Table 4 compares four configurations

across different quantile specifications. The results demonstrate that the full composite loss

consistently achieves the lowest MAPE across all quantile specifications, reducing error by

approximately 2 -2.5 percentage points compared to the baseline pinball loss. While individ-

ual components show varying effectiveness across different quantile counts, their combination
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yields superior performance across all settings, achieving MAPE values below 10% consis-

tently. These findings validate the importance of jointly addressing median stability and quan-

tile ordering in multi-quantile optimization. The interaction effects between loss components

across different quantile granularities present interesting avenues for future research.

Table 4: Results with different combinations of loss function components.

Loss Configuration
MAPE

K=5 K=21 K=51 K=101
Pinball only 12.13% (6.53%) 12.27% (6.58%) 11.80% (6.41%) 12.04% (6.51%)
Pinball + Anchor 10.12% (5.61%) 10.33% (6.01%) 12.13% (6.56%) 12.39% (6.64%)
Pinball + Monotone 11.38% (6.23%) 11.58% (6.33%) 11.88% (6.44%) 12.43% (6.62%)
Pinball + Anchor + Monotone 10.04% (5.52%) 9.74% (5.20%) 9.82% (5.76%) 9.85% (5.79%)

Note: Values in parentheses represent standard deviations across populations.

3.6 Uncertainty Quantification

In previous sections, we evaluated the predictive accuracy of the proposed models. For actuarial

applications such as pricing and reserving, it is equally important to quantify the uncertainty

surrounding forecasts, as decision-making often depends not only on point estimates but also on

the reliability of the distributional outputs. To assess model uncertainty, we construct bootstrap

confidence intervals based on 100 resampled training sets. Figure 8 presents the resulting 95%

confidence intervals for all five quantiles and both genders. The intervals are consistently narrow

across the entire range, indicating limited variability in the predictions. The stability of the

bootstrap procedure is evident from the smooth trajectories of the bootstrap medians and the

narrow confidence bands, suggesting that the model produces reliable predictions.

4 Longevity-linked derivative pricing

4.1 Pricing framework

In this section, we demonstrate the benefit of the proposed interpretable NN and simulation

framework from the Methodology Section by applying it to longevity-linked derivative pricing.

The standard approach of derivative pricing involves defining a risk-neutral probability measure

to transform physical probabilities to risk-neutral probabilities, which implicitly accounts for
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Figure 8: 95% bootstrap confidence intervals for all five quantiles - USA age 65
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the market price of risk, and discounting future cash flows using the risk-free rate (e.g., Harrison

and Kreps, 1979; Harrison and Pliska, 1981, 1983). Since mortality rates themselves are not

directly tradable, the market for mortality-linked derivatives is likely incomplete. Consequently,

there may exist multiple risk-neutral probability measures, resulting in a range of reasonable

prices. In the actuarial domain, Gerber and Shiu (1994) initially propose the application of the

Esscher transform for pricing derivative products in incomplete markets. Building on this, Wang

(1996, 2000, 2002) introduce a methodology for transitioning from the physical probability

measure P to a risk-neutral measure Q using the Wang transform, which later becomes the

standard approach for pricing insurance-linked securities (e.g., Lin and Cox, 2005; Cox and

Lin, 2007; Denuit et al., 2007; Huang et al., 2023, 2024). Mathematically it is defined as,

FQ(x) = Φ
[
Φ−1(F P(x)) + λ

]
, (14)

where λ denotes the market price of risk; F P(·) and FQ(·) represent the cumulative distribution

functions (CDF) of the same random variable under the physical probability measure P and the

risk-neutral measure Q respectively; and Φ(·) is the CDF of the standard normal distribution. In

reality, the value of λ is determined by the existing derivatives written on the same underlying

asset to preclude arbitrage opportunities. Equation (14) also highlights the importance of esti-

mating the entire distribution of mortality rates in actuarial applications, as it directly influences

derivative pricing and risk assessment.

We assume that the mortality rate for an individual aged x at time t remains constant over

a one-year period, making the force of mortality equal to the central death rate mx,t. Under

this assumption, the survival probability under P that an individual aged x at time t will survive

another N years is expressed by,

px(t, N) = exp(−SN), (15)

where SN =
∑N−1

j=0 mx+j,t+j represents the cumulative force of mortality over the survival

period for the cohort. The cumulative probability function F P(s) of px(t, N) under the real

probability measure P is defined as:

F P(s) = P[px(t, N) ≤ s]. (16)
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Then under the Wang risk-neutral measure Q, the expected value of px(t, N) can be ex-

pressed as (Denuit et al., 2007):

EQ[px(t, N)] =

∫ 1

0

[
1− FQ(s)

]
ds =

∫ 1

0

[
1− Φ

[
Φ−1

(
F P(s)

)
+ λ

]]
ds. (17)

4.2 Simulation of future mortality

Stochastic mortality models do not typically provide explicit expressions for the distribution

function, so we employ the Monte Carlo simulation method to estimate the expected value of

survival probabilities under Q, as given by Equation (17) (Wang et al., 2015; Kung et al., 2021).

For this analysis we select the simpleNN model proposed in Section 2.5 although the procedures

for the other two models are very similar. The simulation process is summarized as follows:

Step 1: Fit the simpleNN model based on the optimal configuration identified by validation,

as described in Section 3.2.

Step 2: Generate M = 100,000 future mortality paths for a specific population cohort over

the tenor of the financial instrument. For each path, randomly sample from the

predicted quantiles and construct F P(·), the CDF of survival probability under P,

based on (16) using the neural network predictions and their interpolated values.

Step 3: Apply the Wang Transform (14) to F P(·) to obtain FQ(·), and generate the corre-

sponding survival probabilities under Q for each of the M paths.

Step 4: Apply (17) to calculate the relevant Q-expected values for derivative pricing based

on all M simulation paths.

4.3 Simulation and pricing results

We consider the pricing of a customized longevity swap issued at date t0, whose underlying

mortality rates are linked to future survival rates of a cohort aged x at date t. Suppose an insurer

seeks to hedge against future mortality fluctuations in its portfolio, and therefore purchases a

longevity swap from a counterparty with the following (per share) payouts. At the end of each

year t = t0 + 1, t0 + 2, ..., t0 +N ,
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Floating leg: The issuer of the swap will pay to its counterparty a random amount denoted as

cFloat(t) := px(t, N)−prefx (t, N) as defined by (15), where prefx (t, N) represents

a reference survival rate;

Fixed leg: In return, the issuer will receive a pre-determined fixed amount denoted by cFix,

from its counterparty.

By the no-arbitrage pricing argument, cFix is determined such that,

EQ

{
N∑
t=1

B(t0, t0 + t)
[
cFloat(t)− cFix

] ∣∣∣Ft0

}
= 0, (18)

where B(t0, t0 + t) is the date-t0 price of a zero-coupon discount bond maturing at t0 + t, and

Ft0 represents all market information available up to time t0. Equation (18) implies that,

cFix =

∑N
t=1B(t0, t0 + t)EQ

[
cFloat(t)|Ft0

]∑N
t=1B(t0, t0 + t)

, (19)

where the value of cFix is estimated through the Monte Carlo scheme discussed in Section 4.2.

In our baseline analysis, we specifically consider the U.S. males aged 65 at t0 = 2021 as

the reference population for the longevity swap. We also assume a tenor of N = 25 years and

use the discounting factor B(t0, t0 + t) based on the U.S. Treasury yield curve data.3 Figure 9

exhibits the projected mortality rate from the inception to the maturity of the considered swap.

We observe that the average mortality increases over time as the cohort ages. In addition, the

variations in the simulated mortality rates also widen over time, reflecting higher uncertainties

in projections for more distant future periods.

Next, we examine the risk premium of the longevity swap under varying values of λ, com-

pared to the baseline scenario where λ = 0. Following the parameter choices in Wang et al.

(2013) and Kung et al. (2021), we adopt λ ∈ {−0.2,−0.15,−0.1} and various terms of the

longevity swap up to 25 years. In practice, the λ values represent risk preferences of the hedger,

with more negative values indicating greater risk aversion. These values can be calibrated from

existing derivatives in the market with the same underlying asset. As shown in Figure 10, all

three cases produce a convex upward-curving trend in relation to the swap’s tenor, indicating

3Data source: www.treasury.gov/resource-center/data-chart-center/interest-rates. The yield curve data as of
December 31, 2021, were used.
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Figure 9: Mortality projections for U.S. males aged 65 from 2022 to 2046. The light-shaded
region denotes the 90% projection interval, the dark-shaded region denotes the 50% interval,
and the central curve indicates the mean projection.
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the increased uncertainty associated with long-term mortality predictions. In addition, as one

would expect, more risk-averse insurers are willing to pay higher risk premiums for the swap.

Figure 10: Swap premium curves estimated by the simpleNN model

4.4 Robustness checks

We finally perform some robustness checks on the underlying population to validate the results

presented in 4.3. Specifically, in addition to the US male population aged 65 as of 2021, we

also consider the U.S. females aged 55 and 65, as well as males aged 55 in 2021, repeating our

analysis for each cohort. Figure 11 displays the mortality projections, while Figure 12 displays

the risk premiums for each cohort considered.

We have several interesting observations from Figure 11. First, expected death rates increase

as individuals age across all groups, with males consistently showing higher rates than females

within the same age cohort, reflecting well-documented gender differences in mortality. Second,
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(a) Female, aged 55 (b) Female, aged 65

(c) Male, aged 55 (d) Male, aged 65

Figure 11: Mortality projections for U.S. females aged 55 (panel (a)), females aged 65 (panel
(b)), males aged 55 (panel (c)) and males aged 65 (panel (d)), from 2022 to 2046. The light-
shaded region denotes the 90% projection interval, the dark-shaded region denotes the 50%
interval, and the central curve indicates the mean projection.
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the widening confidence intervals across all groups indicate increasing uncertainty in long-term

mortality projections. Lastly, although males consistently exhibits higher predicted mortality

rates compared to females, there are no significant differences in the uncertainty of predictions

between genders. These trends highlight the importance of actuarial simulation in improving

mortality modeling and understanding long-term trends.

(a) Female, aged 55 (b) Female, aged 65

(c) Male, aged 55 (d) Male, aged 65

Figure 12: Swap premium curves for U.S. females aged 55 (panel (a)), females aged 65 (panel
(b)), males aged 55 (panel (c)) and males aged 65 (panel (d))

Figure 12 also reveals similar patterns in the longevity swap premium across different un-

derlying populations. In particular, across all panels, the swap premium increases with the

term length, reflecting the higher longevity risk associated with longer swap terms. In addition,

higher absolute values of λ represents greater risk aversion and hence corresponds to greater
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swap premiums. Comparing the demographic groups, it is observed that the longevity swaps

written on older (male) populations tend to be more expensive than those written on younger

(female) populations. These observed trends underscore the important interplay between dif-

ferent factors such as age, gender, contract term, and market price of risk in determining the

pricing of longevity swaps.

5 Conclusion

This paper introduces three innovative quantile-based neural network models namely LCNN,

RHNN, and simpleNN, which aim to strike a balance between model interpretability and predic-

tive accuracy. Similar to classic stochastic mortality models, these models feature interpretable

linear representations with transparently observable parameters. At the same time, numerical

analysis based on mortality data from 24 countries demonstrates that these NN-based models

significantly outperform their traditional counterpart in terms of both the mean and variance of

MAPE.

A key innovation of our approach lies in directly modeling quantiles of mortality rates

through the adoption of the pinball loss function during the learning process. This is com-

plemented by a simulation scheme that interpolates these quantiles to generate future mortality

uncertainties. This provides an efficient tool for producing distributional information on future

mortality scenarios, which is highly useful for various actuarial tasks.

Finally, the application of these models to derivative pricing using the Wang transform high-

lights their value in efficiently characterizing probabilistic distribution functions of future pre-

dictions. This application offers important insights into the risk-neutral pricing of longevity

derivatives, further highlighting the practical relevance and versatility of the proposed approach.
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A Data Specifications

B Hyperparameter Tuning Results

This appendix presents the detailed results from the hyperparameter grid search for the three

neural network models. We evaluated combinations of dropout rates (0.4, 0.5, 0.6) and patience

values (20, 35, 50) for early stopping. The relatively high dropout rates were specifically chosen

because multi-quantile regression with 51 or 101 quantiles presents a substantially higher risk

of overfitting compared to point forecasting. The model must simultaneously capture both the

central trend and the full conditional distribution across numerous quantiles, creating a risk of

prediction drift where individual quantile predictions may diverge from the underlying mortality

pattern. Higher dropout rates help mitigate this risk by preventing the model from overfitting to

individual quantiles and promoting more coherent distributional predictions.

Tables 6–8 present the validation loss values used for hyperparameter selection.

Table 6: Validation loss of SimpleNN under various hyperparameter settings. Note: Bold value
indicates lowest (best) validation loss.

Dropout
Patience

20 35 50

0.4 6.3531 6.3731 6.3977
0.5 6.3997 6.3653 6.3932
0.6 6.3720 6.4010 6.3835
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Table 5: Data summary of countries/regions in this study
Country Abbreviation Sample period Sample Size
Australia AUS 1950–2020 4680
Austria AUT 1950–2019 4680
Belgium BEL 1950–2022 4608
Bulgaria BGR 1950–2021 4608
Canada CAN 1950–2021 4824
Czechia CZE 1950–2021 4824
Denmark DNK 1950–2023 4752
Finland FIN 1950–2022 4752
France FRA 1950–2021 4752
Hungary HUN 1950–2020 4752
Iceland ISL 1950–2021 4752
Ireland IRL 1950–2020 4752
Italy ITA 1950–2020 4752
Japan JPN 1950–2022 4896
Netherlands NLD 1950–2021 4824
New Zealand NZL 1950–2021 4824
Norway NOR 1950–2022 4752
Portugal PRT 1950–2022 4752
Slovakia SVK 1950–2019 4680
Spain ESP 1950–2021 4680
Sweden SWE 1950–2022 4752
Switzerland CHE 1950–2022 4752
U.K. GBR 1950–2021 4680
U.S.A. USA 1950–2021 4680
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Table 7: Validation loss of LCNN under various hyperparameter settings. Note: Bold value
indicates lowest (best) validation loss.

Dropout
Patience

20 35 50

0.4 6.2276 6.2127 6.2440
0.5 6.2226 6.2298 6.2415
0.6 6.2685 6.2890 6.2471

Table 8: Validation loss of RHNN under various hyperparameter settings. Note: Bold value
indicates lowest (best) validation loss.

Dropout
Patience

20 35 50

0.4 6.1943 6.1939 6.2317
0.5 6.2191 6.2312 6.2128
0.6 6.2460 6.2363 6.2399

C Model Parameter Visualizations

This appendix displays the estimated parameters ax for LCNN and RHNN models.
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Figure 13: Heatmap of age-specific effects ax by country with LCNN Model: female (panel
(a)) and male (panel (b))
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Figure 14: Heatmap of age-specific effects ax by country with RHNN Model: female (panel
(a)) and male (panel (b))
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