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Abstract

We contribute to the non-life experience ratemaking literature by introducing a computa-
tionally efficient approximation algorithm for the Bayesian premium in models with dynamic
random effect, where the risk of a policyholder is governed by an individual process of un-
observed heterogeneity. Although intuitive and flexible, the biggest challenge of dynamic
random effect models is that the resulting Bayesian premium typically lacks tractability. In
this paper we propose to approximate the dynamics of the random effect process by a discrete
(hidden) Markov chain, and replace the intractable Bayesian premium of the original model
by that of the approximate Markov chain model, for which concise, closed form formula are
derived. The methodology is general as it does not rely on any parametric distributional
assumptions, and in particular allows for the inclusion of both the cost and the frequency
components in pricing. Numerical examples show that the proposed approximation method
is highly accurate. Finally, a real-data pricing example is used to illustrate the versatility of

the approach.
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1 Introduction

In experience ratemaking, it is standard to decompose the annual insurance premium into
the product of a base (i.e., a priori) premium depending on individual characteristics (e.g.
age, gender, and area of residency of policyholders), and a bonus-malus (i.e., a posteriori)
adjustment coefficient. The latter also depends on the claim history Zr = (Z1, ..., Z7) of this
individual, where Z; is the observed claim information at year ¢, such as the annual claim count
(or the claim amounts, or both). In the standard Bonus-Malus System (BMS), the bonus-malus
coefficient depends on the annual number of claims only, but not on individual characteristics
[see e.g. Lemaire and Zi (1994)]. In addition, it is assumed to evolve as a Markov chain, whose
transition matrix is typically imposed by the regulator. This system has the disadvantage of
over-penalizing policyholders with a high base premium [see |Taylor| (1997);|Tan et al.| (2015)]. A
popular alternative is the random effect model, in which an unobserved individual heterogeneity
captures the serial dependence between the Z;’s. The random effect is assumed to be static in
the early literature. For instance, Dionne and Vanasse (1989) propose a model with gamma

distributed random effect, and derive closed form Bayesian premium using the Poisson-gamma



conjugacy propertyﬂ However, an important deficiency of the static assumption is that past
claims have the same weight in the determination of the Bayesian premium, regardless of their
seniority (i.e. age). Since then, this model has been extended to allow for a dynamic random
effect, which effectively assigns more weights to recent claims [see e.g. |[Englund et al.| (2009);
Pinquet et al. (2001))].

One unsolved limitation of the dynamic random effect models is that the Bayesian forecast
(i.e. the Bayesian premium) E[Z71|Z7] is usually computationally intractable for mildly large
T, except in some special cases. For instance, recently |Lu (2018)) shows that if the dynamic
random effect X; follows the autoregressive gamma (ARG) process, and the annual accident
count is conditionally Poisson given X;, then the Bayesian premium is available through the
computation of the joint Laplace transform of the process, as well as its various partial deriva-
tives. This result can be seen as the dynamic extension of the Poisson-gamma model of [Dionne
and Vanasse| (1989).

However, this ARG-Poisson approach has several significant limitations. Firstly, when the
policyholder’s claim history is long, or when the numbers of claims are large, the approach loses
its efficiency since the multivariate Laplace transform quickly becomes cumbersome. Secondly,
it is not clear how different parametric assumptions, such as the ARG dynamics of the random
effect or the conditional Poisson assumption, can be relaxed. Thirdly, the model only accounts
for the annual number of claims for pricing. However, since the ultimate variable of interest is
the total cost of claims, it is clearly advantageous to include claim costs in the pricing formula,
so that policyholders with a large number of minor claims is not over-penalized compared to
those with fewer claims but larger total amounts. While dependence between claim count and
cost has been extensively studied [see e.g. |GschloBl and Czado| (2007); [Frees et al.| (2011));
Czado et al|(2012); Shi et al. (2015); |Garrido et al. (2016)], most of these papers are focused
on one-period models. Only a few works [see Frangos and Vrontos (2001)); |(Gémez-Déniz| (2016))]
consider experience ratemaking using both counts and costs but their frameworks are limited
to the static random effect.

The computational burden of the Bayesian premium has also favored the simpler linear cred-

1See also [Boucher and Guillen| (2011)) for a semi-parametric extension of this approach.



ibility method, which approximates the Bayesian premium by a linear combination of Z1, ..., Zp
via linear regression. Despite its simplicity, it can lead to substantial pricing errors [Lu (2018)].
Moreover, the credibility formula does not necessarily ensure all the weight coefficients in the
linear regression to be positive, leaving room for potentially negative premium, which should
be avoided at all costs [see e.g. Pinquet| (2018) for a discussion]. Finally, similar to the ARG-
Poisson model, the linear credibility approach does not allow the user to account for both the
cost and the frequency of claims.

In this paper, we propose a Markov chain approximation approach to reduce the computa-
tional complexity in dynamic random effect models. The underlying idea is that a continuously
valued Markov process can be discretized into a finite state Markov chain. This leads to an
approximate hidden Markov model, for which filtering techniques are readily available [see Kita-
gawa, (1981)); Hamilton| (1989)]. Thus the intractable Bayesian premium in the original model
can be replaced by the simple Bayesian premium of the approximate model. Such a discretiza-
tion method, first proposed in the statistical literature, has become quite popular in finance
following the binomial option pricing model proposed by (Cox et al. (1979)E|, but is yet to be in-
troduced in the insurance literature. Numerical examples show that the resulting approximate
Bayesian premia are highly accurate across different ratemaking model specifications. More
importantly, our approach is widely applicable beyond the setting of Lu (2018]), in the sense
that it relies neither on the conditional Poisson assumption, nor on any particular dynamics of
the random effect. In particular, it is still applicable when Z; contains information other than
the annual claim count.

The paper is organized as follows. Section 2 describes the general methodology. Section
3 provides detailed approximation formulas under two popular dynamic specifications of the
random effect: the ARG process and the log-Gaussian AR process. Section 4 uses simulation
studies to compare the pricing accuracy between the approximate Bayesian premium and the
credibility premium with the benchmark Bayesian premium. Section 5 presents the real-data
analysis using the proposed approximation approach. Section 6 concludes. Technical details are

gathered in Appendices.

2See also [Duan and Simonato| (2001) for American option pricing.



2 The approximation approach

In this section we describe the general discretization methodology for approximating the Bayesian

premium under the dynamic random effect framework.

2.1 General setting

Throughout the paper we will make the following two assumptions.

Assumption 1. There exists an unobservable policyholder-specific, univariate random effect
process (X;) which measures the time-varying risk of each policyholdeﬁ. Moreover, (X3) is

exogenous, that is, the joint conditional distribution of (X, Z;) can be decomposed as:
O(xy, Zt\Zt—hlEt—l) = g(fvt’xt—l)g(zt‘ltt),

where the symbol £ is the abbreviation of “law”.

While Assumption 1 assumes the random effect (X;) to be univariauteﬂ7 it does not exclude
cases where (Z;) is multivariate. For instance, in the case where for each individual, both the
annual number of claims and total claim amount are observed, (Z;) is bivariate. Moreover, if
individual claim amounts are available, then (Z;) has a time-varying dimension depending on
the annual number of claims. Note also that some ratemaking models in the literature do not
satisfy Assumption 1 in the sense that (X;) is endogenous, that is, the dynamics of (X;) depends
on lagged values of (Z;) [see e.g. |Abdallah et al. (2016])]. One shortcoming of these models is
that the claim process is not automatically stationary. For this reason, they are not explored

in this paper.

3For expository purpose, the individual index i is omitted in the paper when no ambiguity arises, but reader
should keep in mind that the realized trajectory of the process (X:) differs among policyholders, although its
dynamics is assumed i.i.d. across the policyholders.

4The methodology of discretizing a Markov process into a discrete time Markov chain still works even if the
Markov process is multivariate [see e.g. |Galindev and Lkhagvasuren| (2010)) for the discretization of a bivariate
VAR(1) model]. However, as a first attempt in the insurance literature, in this paper we focus on the univariate
case.



Assumption 2. The dynamics of process (Xy) is Markov with continuous conditional density:
g(ﬂft|xt—1) = €($t|xt—l)-

Moreover, the process is strictly stationary.

The above two assumptions are rather standard and have been adopted by, among others,
Pinquet| (1997), Pinquet et al.| (2001), Englund et al.| (2008), [Englund et al. (2009), Bolancé
et al.| (2003), Brouhns et al. (2003)), and |Lu (2018]). In this branch of literature, Z; is typically
the annual claim count and is conditionally Poisson P(X;) distributed given X;. Moreover,
the dynamics of process (X;) is either assumed to be log-Gaussian AR [see e.g. Brouhns et al.
(2003))] or ARG [see e.g. |Lu/ (2018)]. These two parametric restrictions will be relaxed in our

framework.

2.2 The discretization scheme

Under Assumptions 1 and 2, the Bayesian premium satisfies, by the law of iterated expectation:

E[qu.ﬂﬁ] = E{E[ZT+1|XT+L@”@}

= /]E[ZT+1\XT+1]€(XT+1!ﬁ)dXTH,

where ((X741|Z7) is the predictive distribution of random effect X7, given past observations

Zp. Moreover, {(X71|Zr) satisfies the recursive formula:

U X711|Zr) o /K(ZT\XT)E(XT!@)K(XTH!XT)dXTa (2.1)

where o< means “proportional to” and the normalization constant ¢z is the integral (over X741)

of the RHS of Equation ({2.1)):

cr = // U Zp| X )l(Xr| Zr—1)U(X111| X7)dXpd X140

~ [ zrl X)Xl Zr1)d X



The initial value ¢(X1]|Xo) = £(X1) is, by definition, the marginal density of process (X;).

In general, the predictive distribution ¢(X741|Z7) does not belong to any standard para-
metric family of distributions. Therefore, its value has to be approximated recursively, by
computing numerically ¢(X1), £(X2|Z1), -+, {(X7|Zr—1) using Equation (2.1). This is the
standard computational difficulty in non-linear/non-Gaussian state-space modelsE|. Roughly
speaking, a state-space model is a model with an unobserved, dynamic process (such as (X})),
as well as an observable process (such as (Z;)). Although advances in simulation techniques
[see e.g. |Pitt and Shephard| (1999)] and computing power has partially mitigated this difficulty,
it still remains highly intensive, especially in insurance applications, because such simulation
needs to be conducted separately for each policyholder.

One special case under which simple, recursive updating formulas do exist, regardless of the
functional form of ¢(Z;| X¢), is when (X;) is discrete with a finite state space, i.e., when (X;) is
a Markov Chainﬂ In this case the updating formula is given by the renowned Hamilton filter
[see e.g. Kitagawal (1981)); Hamilton| (1989)]. Nonetheless, specifying a (hidden) Markov model
directly for the dynamic random effect process is not without downsides. Indeed, the dynamics
of a Markov chain is characterized by a (high-dimensional) transition matrix, and thus involves
a large number of parameters. On the contrary, models for continuously valued processes are
generically much more parsimonious, and are thus much easier and robust when it comes to
model estimation. Therefore, in this paper we only consider the case where (X;) is continuously
valued.

One natural solution is therefore to discretize the process (X;) = (Xi,..., X;) into a finite
state Markov chain, say (F}), whose trajectory closely mimics that of (X;). Specifically, let us
denote the state space of (F}) by S = {s1, ..., sk }, where K is an integer, and s; < so < -+ < Sk,

then we have the following causal scheme:

SWe say that the state-space model is Gaussian if the joint process (X+, Z:) is Gaussian. In this case the
conditional distribution ¢(X74+1]/Zr) is also Gaussian and its mean and variance can be estimated using the
Kalman filter. However, given that Z; is typically nonnegative in our application, this Gaussian framework is not
appropriate.

5As is mentioned in Introduction, another exception is the framework of [Lul (2018). However this latter is
more restrictive and requires further distributional assumptions and is thus not discussed here.



Markov Random Effect: e — X — Xy — X1 —

3 ) \J
Approximate Markov Chain: --- — F1 — F — Fq4 —
} \J \
Claim History: e Iy —— Ly —— Zt+1 —

Then we approximate the continuous conditional density ¢(Xr.1|Zr) by the discrete conditional

probability ¢(Fry1|Zr), and approximate the corresponding Bayesian premium by:

K
ElZr1|Zr] = Z [Zrs1|Fryy = skP[Fryq = si|Zr).

Moreover, the predictive distribution P[Fr 1 = s;|Z7] satisfies the following recursion, that is

the Hamilton filter:
K
P[Pri1 = silZr) o< Y U(Zr|Fr = s;)P(Fr = si| Zp-1)P(Fri1 = si|Fr = s1), (2:2)
i=1
where the normalization constant is the sum (over k) of the RHS:

K K
CcT = Z ZK(ZT|FT = SZ)P[FT = Si’ZT_l]P[FT+1 = Sk‘FT = Si]
k=1i=1
K
= ZE(ZT|FT = Si)]P)[FT = Si’ZT—l]'

i=1
The initial values are given by P[F} = s;] = P[F} = six|Zo], k = 1,..., N, that is, the marginal
distribution of the Markov chain.

In contrast to the integral in Equation (2.1), Equation (2.2)) only involves a finite sum-

mation, rather than a complex integration. Therefore, calculating the predictive distribution,

P[Fry1 = sg|Zr], k = 1,..., K, amounts to solving the transition probabilities of the Markov

chain, P[Fpr 1 = sg|Fr = s;], for different i,k =1, ..., K.



2.3 Constructing the Markov chain

Let us now specify the approximate Markov chain (F}) given the continuously valued process
(X:). We assume that the state space X' of (X;) is a connected interval such as | — oo, co[ and
[0, 0o[, and denote by G the cumulative distribution function (CDF) of its marginal distribution.

There exists an extensive statistical literature on the discretization of a continuously valued
Markov process into a finite state Markov chain [see e.g. [Tauchen| (1986); Tauchen and Hussey
(1991); \Galindev and Lkhagvasuren| (2010); |Gospodinov and Lkhagvasuren| (2014); Farmer and
Toda, (2017)]. However, many of these methods either are model—speciﬁ(ﬂ or involve rather
complicated techniques such as moment matching or entropy minimization. In this subsection
we propose a simple method that is applicable to all univariate Markov processes.

First, consider the following partition Iy, Is, ..., I of X

k=1 k

D, k=1,.. K. (2.3)
In this way, variable X; has equal (marginal) probability of falling on each interval I;. Then,
we define the state space of the discrete Markov chain, {si, ..., sx}, by:

2k -1
2K

sp =G ), k=1,..,K. (2.4)

Note that 2’2“—1_(1 is the average of the two bounds of interval ]%, %], hence Equation (2.4])

ensures that si € I for each k. The discrete Markov chain F; is then defined by:
Fy = sy, if and only if X; € I. (2.5)

In other words, whenever X; belongs to interval I for a certain k, it is approximated by a
constant si belonging to the same interval. Since the intervals I, k = 1, ..., K form a partition

of X, F; is uniquely defined by the above equation. Then we construct the transition matrix of

"For instance, the model of Tauchen| (1986)) is designed for linear AR(1) processes.



the Markov chain (F}) as follows:

HZ’]’ = P[Ft+1 = Sj’Ft = Si] = P[Xt—i-l € Ij‘Xt S IZ]
~ P[Xt+1 S Ij|Xt = Si]
G (&)
= / €(xt+1]si)dxt+1, (2.6)
G-I

that is the integral of the conditional density ¢(x¢y1]s;) over interval I;. This integral is one-
dimensional and can be easily computed numerically. We can remark that when j varies between
1 and K, the RHS of sums up to 1, thus we have defined a valid transition matrix of a
Markov chain.

Finally, by Perron-Frobenius theorem [see [Senetal (2006)], the vector of marginal distribution
of the finite state Markov chain (F}) is the uniqueﬁ, normalized left eigen-vector v such that
v/ = ¢v'II. Thus by conducting an eigen-decomposition, we get the vector of initial values used
in recursion (2.2)):

(]P’[Fl = 81}, ..,]P’[Fl = SK]), = .

The quality of the above approximation scheme depends on the fineness of the discretiza-
tion grid: the larger K, the smaller the approximation error. In the limiting case where K
goes to infinity, the approximation error would disappear, and (F}) would converge to (X;).
However, increasing K also increases the dimension of the transition matrix II, and hence the
computational cost. In Section 4 we will see that a reasonably large K can lead to rather good
approximation quality.

It should be noted that the Markov chain obtained by discretizing the dynamic random
effect has nothing to do with the Markov chain used in the basic bonus-malus system. Indeed,
the premium in the latter system does not result from any Bayesian principldﬂ, hence the issue

of unfairness towards individuals of high basis premium. Instead, in our discretized model, the

8Under the assumption that the Markov chain is irreducible, a-periodic, which is implicitly assumed in our
paper.

9That is, the premium cannot be written as the conditional expectation of future claims given past claims, for
a suitable dynamic specification of the claim process.

10



Bayesian premium is available, making it a fair ratemaking systenﬂ

Thus under our framework, the pricing procedure of an actuary is the following. Suppose,
for instance, that she assumes that for each individual ¢ and time ¢, Z; ; is conditionally Poisson
with parameter A\;X;;, where ); is a function (with unknown parameters ; € R™!) of the
observed individual characteristics of individual 4, and the distribution of the random effect
process (X;;); is i.i.d. across different individuals, satisfying some simple continuous-valued
dynamics. Let us denote by 62 € R™2 the unknown parameters characterizing this dynamics.
Then the actuary estimates parameters 6 = (67,65) € R™*™2 with any standard method [see
e.g. Bolancé et al. (2003), Lu/ (2018))]. Finally, she discretizes the dynamics of the random effect

and computes the approximate Bayesian premium for each policyholder.

3 Examples on discretization

In this section we illustrate the discretization approach with two popular dynamic specifications
of (Xt): the ARG process and the log-Gaussian AR process, both of which have been applied in
existing ratemaking literature. For each model, we derive explicit expression of the transition

matrix IT of the Markov chain.

3.1 ARG process

The ARG process is the exact time-discretization of the continuous time Cox-Ingersoll-Ross
process (also known as the square root diffusion) [see (Gouriéroux and Jasiak (2006)]. In the
insurance literature, it has been used for ratemaking [see [Lul (2018])], for mortality forecasting
[see Li and Lu| (2018)], as well as for claims reserving [see |de Alba and Nieto-Barajas (2008])].
The ARG process is positively valued and is defined along with an intermediate coun@ variable

N; through:

e conditional on Xj, variable N; follows Poisson distribution with parameter 5X;.

10See e.g. [Dionne and Vanasse| (1989) for a discussion of why a Bayesian ratemaking rule is necessarily “fair”.
"Note that this count variable N; is unobserved. It is introduced to define the exogenous dynamics of ARG
process, and is not equal to the observed annual number of claims Z;.

11



e conditional on X; and Ny, variable X; 1 follows gamma distribution with shape parameter

0 + Ny and scale parameter c.

In the above definition, d, 8, and ¢ are all positive parameters. To summarize, we have the
following causal chain:

Xy = Ny — X1 = Nepp — Xyqoe -

This process is stationary if p := fc < 1, and the terminology of ARG comes from the fact

that first, E[X;4+1|X¢] = pX¢+ dc, which resembles a linear AR process, and second, its marginal

distribution is gamma 7(J, ¢*), i.e., with shape parameter ¢ and scale parameter ¢* := 1fp. Let

us denote by G« the CDF of this gamma distribution.

The conditional density of the process is, by definition:

oo —Bxsan,..n 0+n—1 _—z.41/c
B e play xyyy e
H@epale) = Z n! ['(§+n)cdtn *

n=0

Thus the transition matrix II is given by:

Gy L ()

5,c* VK
Hi,j — / €($t+1‘sl)d$t+1
Gy (UR)
o~ sy Ly g1
= P n! v [Gé—l—n,c(Gé C*(E)) - G5+n,c(G57c* (T))}’

where s; = Ggi*(%;(l), i=1,.. . K.
While the above formula involves an infinite summation, it can be easily approximated by
truncating the summation at a high, but finite order. In practice, since the transition matrix is

common for all the policyholders, it only needs to be computed once.

3.2 Log-Gaussian AR(1) process

It has been assumed in Brouhns et al.| (2003) that the annual number of claims is conditionally
Poisson distributed with parameter A exp(X), where A is a deterministic function of the observed

individual characteristics of the policyholder, and X; is an unobserved Gaussian AR(1) process

12



defined by:
Xip1 =c+ pXi + &, vt,

where the autocorrelation coefficient p lies between 0 and 1, and € is i.i.d. A(0,0?) distributed.

Under this specification, (X¢) is stationary with Gaussian marginal distribution N (% o ).

1—p’ 1—p?
Due to the identity Aexp(X;) = sA exp(X; — log s) for any positive constant s, the dynamics
of the process (X;) is identified only up to a additive constant. Thus without loss of generality,

we impose the following normalization constraint:

C 4 g :|_1
L—p 201-p?)) 7

Elexp(X,)] = exp |

which is equivalent to ¢ = — . Then the CDF of X; becomes:

2(1+p)

G(z) =PX, < 2] = c1>{ [z +

o 2(1 — p?

JI= 2 o2
)]},

where ® is the CDF of the standard normal distribution. On the other hand, the conditional

distribution of Xy given X; = z; is:

1 (Tgr1 —c— P%)Q}

g(mt-‘rl‘xt) - \/W exXp [ - 252

Hence, applying Equation (2.6) leads to the following transition matrix:

G (%)
Hi,j = / f(l’t+1|5i)dl‘t+1
G ()

G—l(%)_psi—c [G—I(J;{l)_psi—c].

o[ SR ]y )

4 Numerical illustration of the pricing accuracy

Let us now apply the proposed Markov chain approximation method to hypothetical policy-

holders. The approximate Bayesian premium is compared to the Bayesian premium (calculated

13



with closed form formula whenever available, or otherwise by simulation), as well as the linear
credibility premium. Three models are considered, including an ARG-based claim frequency
model (Section , a log-Gaussian-AR-based claim frequency model (Section , as well as

a log-Gaussian frequency-cost model (Section 4.3]).

4.1 ARG-based frequency model

We first consider the case where process (X;) follows the ARG process as defined in Subsec-
tion[3.1] and assume that claim frequency Z; is conditionally Poisson distributed with parameter

AX;, where )\ is a known constant. Thus the p.m.f. of Z; conditional on X, is:

€7>\Xt ()\Xt)z

L

, Vz e N. (4.1)

The advantage of the ARG assumption is that the exact Bayesian premium is available in
closed form using the Laplace transform formula derived in [Lu (2018). Thus it allows us to
rigorously assess the accuracy of our approximation. For each hypothetical claim history, we
compare the approximate Bayesian premium, the exact Bayesian premium, as well as the linear
credibility premiurrﬂ Moreover, in order to examine the impact of parameter values on pricing
errors, different parameter sets are specified and compared.

The numerical study is designed as follows. First, we compute the premia in three ARG-
Poisson models which differ in terms of the value of § € {0.75,1,2}. For each value of J, we

follow the specification in |[Lu/ (2018)) by lettinglﬂ p = 0.73 and setting the value of ¢ such that
c

the marginal mean E[X;] = 0 = 1. Finally, we set K = 100 for the discretization scheme.

Although it is theoretically possible to further diminish the approximation error by increasing
K, we limit K to 100 for two reasons. First, in some statistical packages such as R, the gamma
function, which appears in the conditional and unconditional density formulas, is not defined
for arguments larger than a certain threshold. Secondly, further increasing K would swell the

computational cost, without introducing substantial improvement of the approximation.

Tables [1| and [2| display the exact Bayesian premium (Bayes.), the discretization-based ap-

2The linear credibility premium is computed using standard procedures [see e.g. [Bolancé et al.| (2003)].
13This value of p has been previously estimated by [Bolancé et al.| (2003)) using a real insurance database.

14



proximate Bayesian premium (Disc.), and the linear credibility premium (Cred.) for a set of
hypothetical claim histories with T' = 2 and T' = 3, respectively. We have expressed the premia
in terms of a multiple of the a priori premium A. In other words, in these tables, a premium
that is smaller (resp. larger) than 1 corresponds to a policyholder with a bonus (resp. malus)
coefficient. Thus the more past claims there are, the higher the premium for period T + 1.
We can see that the premium obtained from the discretization is closer to the exact Bayesian

premium in most cases. Moreover, the approximation is better when Z;, Z5 and Z3 are smaller.

0=0.75 0=1 0=2
Bayes. Disc. Cred. | Bayes. Disc. Cred. | Bayes. Disc. Cred.
p3(0,0) | 0.89  0.89 0.90 092 092 0.92 0.96 096 0.96
p3(0,1) | 1.75 1.73  1.76 1.57  1.57 1.58 1.30 1.30  1.30
p3(1,0) | 1.49 1.48  1.50 1.38 1.37  1.38 1.20 1.20  1.20
p3(1,1) 2.47 2.38  2.37 2.11 2.06 2.04 1.57 1.55 1.55

Table 1: Premium for the 7'+ 1 = 3rd period under the ARG-based frequency model, given
hypothetical claim histories of the first T = 2 periods.

5 =0.75 0=1 6=2

Bayes. Disc. Cred. | Bayes. Disc. Cred. | Bayes. Disc. Cred.
p4(0,0,0) | 0.87 0.876 0.87 095 095 0.95 0.90 090 0.90
p4(0,0,1) 1.69 1.68 1.72 1.53 1.53 1.55 1.29 1.28 1.29
p4(0,1,0) | 1.43 1.43  1.45 1.34 134 1.35 .19 118 1.19
p4(0,1,1) 2.38 2.31 2.30 2.05 2.02 2.00 1.55 1.53 1.53
p4(1,0,0) | 1.25 1.25  1.26 1.21 1.20  1.22 1.12 112 1.12
p4(1,0,1) 2.25 2.19 2.11 1.95 1.91 1.87 1.49 1.47 1.47
pa(1,1,0) | 190 186 1.85 | 1.70 1.67 1.67 | 1.38 136 1.37
pa(1,1,1) 291 2.75 2.69 2.46 236  2.32 1.76 1.71 1.71

Table 2: Premium for the T'+ 1 = 4th period under the ARG-based frequency model, given
hypothetical claim histories of the first T = 3 periods.

4.2 Log-Gaussian-AR frequency model

Let us now assume that the dynamic random effect (X;) follows a log-Gaussian AR(1) process
and that given X, the observed count Z; is Poisson distributed with parameter \exp(X3).

As |Brouhns et al. (2003)) point out, in this model, the exact Bayesian premium no longer has

15



closed form and has to be computed through intensive simulation methods (see Appendix A for
details).

We compute the simulation-based Bayesian premium, the Markov-chain-based approximate
Bayesian premium, and the linear credibility premium, and express them as multiples of A, for
a set of hypothetical claim histories with 7" = 2 and 1" = 3. Furthermore, we evaluate the
pricing errors in two models which differ only in terms of the value of p, with p = 0.73 and 0.9,
respectively. For each p, we let o = 1 and set the value of ¢ such that Elexp(X;)] = 1. By the
law of large numbers, when the number of simulated trajectories goes to infinity, the simulation-
based Bayesian premium converges to the theoretical, intractable Bayesian premium. We have
checked that with 50,000 draws, this convergence is approximately attained. Note that this large
number of draws spells a significant computational cost for the simulation-based approach. For
the Markov chain approximation method, the number of states is chosen to be K = 100.

Tables [3| and [4] display the simulated Bayesian premium (Bayes.), the approximate Bayesian
premium (Disc.), and the linear credibility premium (Cred.) for a set of hypothetical claim

histories with T' = 2 and T = 3, respectively.

p=0.73 p=209
Bayes Disc. Cred. | Bayes Disc. Cred.
p3(0,0) | 0.80 0.80 0.78 | 0.45 0.46 0.43
p3(0,1) | 243 242 3.07 | 3.84 4.03 781
p3(1,0) | 1.67 1.68 1.77 | 3.25 341 1.22
p3(1,1) | 3.95 3.84 4.07 | 831 844 8.62

Table 3: Premium for the T'+ 1 = 3rd period under the log-Gaussian AR frequency model, for
hypothetical claim histories of the first T'= 2 periods.
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p=0.73 p=20.9
Bayes Disc. Cred. | Bayes Disc. Cred.
0.77 077 074 | 040 040 042
227 232 3.01 344  3.57 279
1.59 159 1.67 | 221 231 1.08
3.71 371 393 | 725 7.58 8.45
1.27 127 1.21 177 178  0.70
3.15 3.18 348 | 6.67 6.46 8.07
215 217 214 | 401 412 4.35
4.24 445 440 | 9.83 9.78 8.72
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Table 4: Premium for the T'+ 1 = 4th period under the log-Gaussian AR frequency model, for
hypothetical claim histories of the first T = 3 periods.

Similar to the ARG example, we can see that the approximate Bayesian premium is in general
closer to the simulation-based premium than the linear credibility premium. In particular, the
linear credibility premium tends to underestimate the risk when there is no claim in the most
recent period, and overestimate the risk otherwise. The estimation error is more substantial
with larger p. This observation echos the previous analysis by [Lu/ (2018). On the other hand,
the approximate Bayesian premium derived from discretization is in general much closer to the

simulation-based premium.

4.3 Frequency-cost model

We now take into account both claim frequency and cost in the premium calculation. We

(

denote by Zt(l) the claim count at time ¢, Zii) the amount of the i-th claim in period ¢, and
(1)
Zt

Zt(2) =>4 Zg) the total claim amount at time ¢. The distribution of these random variables
are summarized in the following assumption.
Assumption 3. For each t, given the dynamic random effect Xz,

. Zt(l) s conditionally Poisson distributed with mean AX¢;

° Zﬁ) is conditionally i.i.d., exponential distributed with scale parameter a + X for each

1, where o and B are nonnegative constants.
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As a consequence, given the claim count Zt(l), the total cost Zt(Q) is conditionally gamma,
with scale parameter o + $X; and shape parameter Zt(l). This result will be useful, if instead
of observing individual claim amounts, we observe the annual total claim amounts.

Under the above assumption, the claim frequency and cost random variables are condition-
ally independent given X;. Moreover, if § = 0, then the distribution of the individual cost
does not depend on the dynamic random effect and the model reduces to a standard frequency
model.

In the simulation study, we further assume that a = 0. The joint probability of Zt(l) and

each Zi(i) can then be written as:

Pz" =nand 25 = z,Vi=1,...,n|\, 8, X, = P[Z{") = n|x, X, [[ P2 = 2118, X4]. (4.2)
i=1

Denote by Zg) the history of claim amounts up to time 7. The Bayesian premium at time

(2)

T + 1, given past information of both claim counts Z;l) and amounts Z;”, is equal to:

E[Zé?-i)-l |Z(1)7£) 57 )‘]
(1)

= Z T+1|Z vc(r2)’ﬂv)‘]

0o Z<1)
= /E Z T+1|ZT 7Z§“)7XT+176) 7] (XT+1|ZT y ())dXT 1
0

Z0,
E{ Z T+1|ZT+1,Z:(pl)azé),XTﬂ,ﬁ, ]} (XTH\ZC(LI),ﬁ)dXTH

E[Zé’l-i)-1|ﬁaﬁ’XT+la)‘]]E[Zf?%-i-ﬂ@vﬁa XT+17/6]€(XT+1|£7£)CZXT+1

)\XT+15XT+1£(XT+1|£a@)dXT—H

Il
g S ——g S —g S —g

- / NIXE (X1 280, 22)d Xy (4.3)
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Let us now evaluate the premium using the log-Gaussian AR model. The parameter values
are set as follows: p =0.73, 0 = 1, and § = 100. The value of ¢ is set such that Eexp(X;)] = 1.
The Bayesian premium is computed by simulation with 50,000 draws (see Appendix A.2 for
more details). The Markov chain approximated premium is computed with K = 100.

We illustrate the frequency-cost model with 1" = 2. Table [5| reports the simulated Bayesian
premium and the approximate premium derived from discretization under both the frequency-
cost model and the frequency model. Again, all premia are expressed as multiples of their
respective a priori premium. In each period, when the number of claim is positive, we assume
that the claim amount is either 100 (Column 2 to 5), or 200 (Column 6 to 9). We can see that, in
this model, the approximate premium is still rather close to the simulated premium. Moreover,
we can remark that the insurance premium depends heavily on the amounts of previous claims.

This demonstrates the necessity of considering both claims and amounts in the pricing exercise.

Claim amount = 100 Claim amount = 200
Total amount ‘ Claim number | Total amount ‘ Claim number

Bayes. Disc. Bayes. Disc. | Bayes. Disc. Bayes. Disc.
p3(0,1) | 2.02 2.11 2.05 2.05 3.70  3.68 2.76 2.80
p3(1,0) | 1.13 1.19 1.55 1.56 2.04 217 217 2.17
ps(1,1) | 3.02 3.07 248 2.47 4.88  4.80  3.19 3.21

Table 5: Premium for the 7'+ 1 = 3rd period under the log-Gaussian AR frequency-cost model
with p = 0.73, for hypothetical claim histories of the first 7' = 2 periods.

Two remarks are made regarding the proposed frequency-cost model. First, we make the
simplifying assumption that both the claim frequency and cost per claim are governed by the
same random effect, X;. While this assumption reconciles many existing claim frequency-cost

modelﬂ we note that a more general, non-degenerate joint distribution for multiple random

MFor instance, [Shi et al.| (2015 use a copula to characterize the random effects governing the claim frequency
and severity, respectively. They have considered, among others, Archimedean copulas such as Gumbel, Clayton
and Frank copulas, which have an interpretation of a (single) factor representation [see e.g. |Oakes| (1989)].
Therefore, the model discussed in thus Subsection can be viewed as a dynamic extension of |Shi et al.| (2015)),
in which the single factor is time-varying. Moreover, among models considering different types of claims, |Shi
and Valdez| (2014) propose to model the dependence between different frequency variables through Archimedean
copulas [see also Wen et al.| (2009); |Zhang et al. (2018) for an analysis of the credibility premium in such a
model]. More remotely, models in which a single random effect is introduced to capture the dependence between
two risk variables is widely studied in actuarial science under the terminology of background risk models, both
theoretically [see e.g. |(Coté and Genest| (2018))] and empirically [see e.g. [Frees et al.| (1996)); |[Luciano et al.| (2008))
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effects could lead to more realistic ratemaking results in many insurance applications. For
instance, uses a portfolio of automobile policyholders of a French insurance
company, and finds that correlation between the random effects governing the claim frequency
and cost is very low. Second, costs of claim are represented by exponential distributions, which

means that the mode for costs per claim is zero. While this is true in some cases (examples

of such datasets include the motor insurance portfolios used in [Yip and Yau| (2005]), [Yang|

let al| (2018), De Jong and Heller| (2008), and (2019))), it does not apply to all insurance

applications. In the latter cases, other distributions leading to a positive mode should be

considered.

5 Pricing real-life insurance policies

In this section, we illustrate the usefulness of the proposed approximation scheme by analyzing
a hypothetical non-life insurance portfolio constructed from real data. In particular, a unique
dataset recording historical storm events in different locations across the U.S. is utilized. The
insurance policies we consider have long loss experience (longer than 30 years) and occasionally
large claim numbers. This renders existing methods unfeasible, and highlights the appeal of the

proposed Markov chain approximation framework.

5.1 Data and model assumptions

We consider a hypothetical catastrophe insurance policy, which protects against losses from
severe storm events above a certain deductible level, D. In other words, for each policyholder
J, the annual loss frequency of the insurance portfolio is Z;; = Zij\ijl’t Lip,;o>py, t=1,....T,
where L; ;; is the economic damage of the ith storm event of policyholder j in year ¢, and
M; 4 is the total number of storms in year ¢ of policyholder j. Here, we take each geographic
location as a hypothetical policyholder. A natural source of the random effect is the geographic
heterogeneity effect. Due to the low-frequency-high-severity nature, as well as the geographic

heterogeneity, forecasting future loss frequencies is usually a challenging task, which requires

for joint annuity pricing].
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typically a long observation history. The Markov chain approximation provides a convenient
way to forecast into the future based on historical records.

The storm loss frequency dataset is constructed from the Storm Events Database of the
National Oceanic and Atmospheric Administration (NOAA; https://www.ncdc.noaa.gov/
stormevents/)), which documents the occurrence of storms and other economically significant
weather-linked events across the U.S. The dataset covers the period 1986-2016. In this study, we
consider a deductible level of D = 25 millions (USD), that is, a payment is triggered whenever
the economic damage of a storm event exceeds D. We analyze all of the 50 States that are
indemnified at least once over the entire sample periodlﬂ Figure [1{ displays Z;;, the paths of
loss process for each state, where where j = 1,...,J, and J = 50 is the total number of states
included in the dataset. In particular, we can remark the large magnitude of loss frequencies.
For example, the peak in 1995 corresponds to the Atlantic hurricane season, which caused 92
severe economic damages in excess of 25 millions in the state of Georgia. The loss processes in
Figure [1] also highlights some other catastrophic storm events including the Hurricane Katrina
in 2005, the 2016 Southern and Midwestern floods, etc. Summary statistics of the storm loss
frequency are displayed in Table @ For each state, the mean, standard deviation (Std.Dev.),
coefficient of variation (CV, defined as the ratio of the standard deviation over the mean),

skewness, and kurtosis are reported.

5.2 Pricing using the Markov chain approximation

We assume that the loss frequency due to storm events in year ¢ for state j follows a conditional
Poisson distribution with intensity \jexp(X;¢), i.e., Z;¢|X;: ~ Poi()\jexp(X;¢)), where A; is
the fixed effect parameter. Further, for a given j, (X;;) is specified as an unobservable AR(1)
process with autocorrelation coefficient p and i.i.d. Gaussian N(0,02) residuals. We use the
Generalized Method of Moments (GMM) to estimate the parameters Aj,...,\s,0,p and the
estimation procedure is described in Appendix B.

Note that this specification is quite general and does not say anything about the inter-

15This includes 49 States and the District of Columbia. Only the state of New Hampshire is excluded since it
does not have a loss larger than 25 million USD over the whole sample period.
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dependence between the dynamic random effects processes (X;;) for different j. In fact, such
dependence could arise, especially between (geographically) neighbouring states. However, while
such dependence is not taken into account, the GMM estimation will still lead to consistent esti-
mators. The reason is that GMM estimation approach only focuses on (joint) moments between
different X;;’s within each same state j, and is robust to the presence of such dependence. In
the pricing stage, such a dependence will also be neglected in our Bayesian premium formula.
We acknowledge that there might be efficiency losses by ignoring this dependence and leave this
issue for future research.

Following the approximation scheme in Subsection the Bayesian premia for year T' + 1
are calculated in Table [7], with the number of states of the Markov chain approximation set
as K = 100. For each panel, the first column stands for the abbreviation of state names; the
second column displays the Bayesian premia for existing policyholders (Bayes Premium); and
the third column displays the Bayesian premium for a new policyholder with no claim history
(Bayes Premium New). We can see that the two Bayesian premia are close to each other, with
some states having slightly higher Bayesian premia for existing policyholders and the others
having higher premia for new policyholders.

The pricing results are also illustrated in Figure[2] where the orange line shows the Bayesian
premia for the existing policyholders; the grey line shows the Bayesian Premium for new poli-
cyholders with no claim histories; and the historical claim frequency average is displayed with
the blue line. We can see that for some states (e.g., GA and TX), the historical average is
quite far away from the the other two Bayesian premia. This result highlights the importance
of reweighting historical records according to their seniority (i.e., assigning more weights to
recent claims). Indeed, models assigning the same weights to historical records may fail to

capture the time-varying systemic weather risk and thus induce mispricing [see [Borman et al|

(2013)); [Woodard et al.|(2011))]. There have been a growing literature that tries to develop more

comprehensive and scientific approaches to reweight historical losses to adjust for trending risk

factors [see e.g. (Coble et al.| (2011); Borman et al. (2013); |Woodard, (2014); |Porth et al.| (2014));

[Zhu et al|(2018)]. In this illustrative pricing example, we show that using a dynamic random

effect, the Bayesian ratemaking effectively assigns higher weights to more recent records, and
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hence achieves more scientific pricing results.

Table 7: Bayesian premium for Year 7'+ 1 = 32. The table displays the Bayesian premia for
existing policyholders (Bayes. Premium) and the Bayesian premium for a new policyholder with
no claim history (Bayes. Premium New).

STATE Bayes Bayes Prem STATE Bayes Bayes Prem
Prem New Prem New
AL 0.32 0.35 MO 0.78 0.88
AK 0.04 0.05 MT 0.03 0.03
AZ 0.29 0.32 NE 0.38 0.39
AR 0.72 0.82 NV 0.12 0.09
CA 0.97 0.96 NJ 0.64 0.74
CO 0.76 0.88 NM 0.13 0.11
CT 0.04 0.05 NY 0.48 0.54
DE 0.04 0.05 NC 1.49 0.84
DC 0.04 0.05 ND 0.49 0.46
FL 2.34 1.60 OH 0.61 0.69
GA 0.82 0.96 OK 0.54 0.58
HI 0.13 0.13 OR 0.11 0.12
ID 0.23 0.24 PA 0.58 0.56
IL 0.47 0.50 RI 0.02 0.02
IN 0.18 0.18 SC 0.19 0.11
IA 0.24 0.25 SD 0.04 0.05
KS 0.87 0.76 TN 0.55 0.61
KY 0.48 0.54 X 7.35 4.21
LA 2.98 1.59 uT 0.49 0.54
ME 0.04 0.04 vT 0.05 0.05
MD 0.08 0.08 VA 0.36 0.39
MA 0.23 0.24 WA 0.16 0.16
MI 0.51 0.54 WV 0.27 0.18
MN 0.33 0.35 WI 0.37 0.40
MS 0.76 0.88 WY 0.13 0.13
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Figure 2: Bayesian premiums for Year 7'+ 1 = 32. Orange line shows the Bayesian premia for
the existing policyholders. Grey line shows the Bayesian Premium for new policyholders with
no claim histories. Blue line shows the historical claim frequency average.

6 Conclusion

We have proposed a simple and accurate Markov chain approximation approach for dynamic
Bayesian ratemaking. Dynamic random effect model is popular due to its flexibility to cap-
ture the time-varying risk of policyholders. However, its appeal is currently limited since the
Bayesian premium is typically intractable. Linear credibility model, although simpler, suffers
from substantial pricing errors and is not able to include both the severity and the frequency
pricing components. In this paper we have introduced the Markov chain approximation method
to the actuarial literature, which strikes a balance between pricing accuracy and computational
efficiency. Through hypothetical numerical examples, we have demonstrated the accuracy of
our method with respect to the Bayesian approach and the credibility approach, as well as the
wide applicability of our approximation method to various existing pricing models. Finally, we
have demonstrated the versatility of our framework on a real-life example with an unusually

long claim history.
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There are several interesting directions for future research, among which we can think about
situations when both claim frequency and cost are present. In the paper we have focused on
the degenerate case where the two variables share the same random effect. In future research it
would be interesting to develop approximation algorithm for models assigning different random
effects to these two variables. Such an extension involves the approximation of bivariate Markov

processes and is thus more computationally demanding, but the econometric literature has

already made some attempts in this direction [see e.g. |Galindev and Lkhagvasuren| (2010))] that

might deserve our attention.

Appendices

A Computing the Bayesian premium via simulation

In this appendix we introduce, for both the frequency model and the frequency-cost model, the
simulation algorithm when the Bayesian premium does not have a closed form expression. This
is for instance the case in the frequency model in which the dynamic random effect follows a
log-Gaussian AR process.

A.1 Frequency model

Under the frequency model, the goal is to determine

E[Zr41|A, 21

:/E[ZTH\)\,XT+17@]5(XT+1\ZL)dXT+1
0

_ / Nexp(Xri1 ) Xrs1 |27)d X1, (A1)
0

where ((X741|2r) is the predictive distribution of X741 given zp. The simulation procedure is

as follows.
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First, simulate J trajectories of process X741 = (Xo, X1, X9, ..., X741). For each trajectory,

X is simulated using the stationary normal distribution with mean lfp and variance

_o?
T—p2°
then Xy, Xo, ... X741 are simulated iteratively using the Gaussian conditional distribution of
the AR(1) dynamics. We denote by E(j), t =0,1,...,T 4+ 1, the j-th simulated trajectory of
(X¢) up to time T+ 1.

Then the RHS of is approximated by:

J .
ElZril) z0) & Y Aexp@ld) p@f |20),
j=1
where p(w%@rl]zl),j =1,...,J, is a vector of weights that sum up to 1:
4 ()
Zp(ij+1|Zl) =1
j=1

and is defined, up to a normalization constant, by:

(CUT+1|ZT X Hﬁ Zt\flft )
t=1

In other words, the different simulated trajectories are weighted according to the conditional

likelihood of the observed counts Zr given Xr.

A.2 Frequency-cost model

The goal is to determine:
E[Z3) 20, 22, 8,0 / AB exp(2X7 1)U X7 ]2y, 27 dX 4 (A.2)

After simulating different trajectories of (th ) up to time T+ 1 for j = 1, ..., J, we approximate
the above integral by:

J .
E(Z32) |25, 22, 8.0 0 S ABexp(22) (@) 12, 22)
j=1
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where the vector of weights p(m%)rﬂzgpl ), zg )) sums up to unity, and is defined, up to a propor-

tionality constant, by:

(1)

T %t
j D (2 1, (G 2 j
platfler, 227) o TT [ o) TT 221,
t=1 i=1
that is the joint conditional distribution of the number of claims z§1), t=1,...,T, as well as all

the individual claim amounts.

B Generalized method of moments estimation

This section discusses the estimation of model parameters using the Generalized Method of
Moments (GMM). We assume that the observable storm events loss frequency random variables
in year ¢ for the state j, Z;;, are conditionally independent given X;;, and follow a conditional

Poisson distribution with intensity \jexp(Xj;¢), wheret =1,...,T and j =1,...,J =50, i.e.,
ZjﬂXN NPOi()\j exp(vat)), t= 1,...,T,j = 1,...,J, (Bl)

where \; is the fixed effect parameter. Further, for a given j, (Xj;;) is specified as an AR(1)

process with autocorrelation coefficient p and i.i.d. Gaussian residualsﬂ

Xjt = pXjt—1+€jt, (B.2)
o2
1—p%
Note that for each fixed j and any ¢t we have:

where €;; ~ N(0,0?). Let 2 =

(23] = BIE(Z34/X,0)) = Elesp(X;)] = Ay - exp (56°)). (3.3)

Tn this specification we have assumed that E[X ;] = 0. This is due to the fact that exp(Xj) (resp. Xj ) is
only identified up to a multiplicative (resp. additive) constants. Thus for identification reasons there is no loss
of generality to impose E[X ] = 0.
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A natural estimate of E[Z;;] is the sample mean, Z Zj, hence,
=

1 1 &
Aj - exp (292> ok Z Zjt- (B.4)
t=1

Thus the fixed effect A\; can be expressed as a function of the sample moments and the
parameters of the AR(1) process, according to Equation . Other moment conditions are

chosen to be:

E(Z;,] = E[E(Z3,|X;.0)] = AE[exp(X;1)] + A E[exp(2X,)]
1
= \j-exp (292) + )\? - exp (292> ) (B.5)
E(Zj 1 Zji-1) = BIE(Zj1Zj 011 X4, Xj-1)] = AE[exp(X; X-1)]

= )\? exp ((1 + p)92) . (B.6)

Likewise, the theoretical variance and lag-1 covariance of the process (Z;;); can be replaced
by its empirical counterparts ]E[ | and E[Z;+Z;1-1]. Thus we obtain a total of 2] moment
conditions, where [ is the number of individuals, and 2 parameters (p, 0) to calibrate. We choose

to be the minimiser of the term:

> (B[22 Z%t])2 + (B[Z4204] - E[Zj,tzj,t_l]f.

Jj=1

The estimation results are summarized in Table [8 below.
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Table 8: GMM Estimation Results. The first panel displays the induced estimates of the fixed
effect parameter, A;, for each state. The bottom panel displays the estimated parameters in the
AR(1) process. “*” and “***” indicate statistical significance at 10% and 1% level, respectively.

STATE A; |STATE ); |STATE 1\; |STATE )
AL 0.246 | IL 0.358 | MT 0.021 | SC 0.080
AK 0.032 | IN 0.131 | NE 0.275 | SD 0.032
AZ 0.225 | 1A 0.178 | NV 0.063 | TN 0.436
AR 0.586 | KS 0.539 | NJ 0.524 | TX 3.000
CA 0.682 | KY 0.386 | NM 0.080 | UT 0.387
CO 0.626 | LA 1.129 | NY 0.381 | VT 0.037
CT 0.032 | ME 0.026 | NC 0.599 | VA 0.278
DE 0.032 | MD 0.059 | ND 0.329 | WA 0.114
DC 0.032 | MA 0.174 | OH 0.494 | WV 0.127
FL 1.136 | MI 0.387 | OK 0.411 | WI 0.285
GA 0.686 | MN 0.251 | OR 0.083 | WY 0.093
HI 0.093 | MS 0.625 | PA 0.397
D 0.174 | MO 0.623 | RI 0.016

0 0.825**

0.308*
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